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BBEJIEHUE

VYuactBys B PoccuiickoM 3a04HOM KOHKypce «llo3HaHne u TBOpPUECTBO» T.
O6nuHCcka, MexayHapogHoM KoHkypce - wurpe «Kenrypy», MonogexxHom
MareMaTu4eckoM dyemnuoHare r. [lepmp n onmumnuane Ypanbsckoro @enepaabHOro
OKpyTa 4acTO CTAJKUBAIOCh C 3aJja4aMiy, B KOTOPBIX HY>KHO BBIYMCIIHUTH IUIOLIA]Ib
¢urypsl. [IpobreMbl, BO3HHMKAIOIINE MPU PEUICHUM TAKWUX 3aj]lady, BbI3BaHBI KaK
CJIIOKHOCTBIO, TAK U TEM, YTO B IIKOJIE UM YAENSETCS MAJIO BPEMEHH. A MOPOM UX

pelIeHre HOCUT TBOPUECKUH XapakTep.

Boinonnsis 3aganus uist noctyiuieHus B @enepaibHyro 3a04HYI0 (PU3HKO-
TEXHUYECKYIO ITKOJTY TP MOCKOBCKOM (DHM3UKO-TEXHUUECKOM rOCYIapCTBEHHOM
YHUBEPCUTETE, MHE BCTPETUIIACH 3aJ1a4a, JUIsl pEeIIeHUsI KOTOPOH MOTpeO0OBaIOCH

MHOTO BpeMeHU. BOT yciioBue 3Toi 3a1a4u:

Beeoume na knemuamoi oymaze cucmemy koopounam. Ommemome
mouku A(-2;7), B(1;-2), C(-4;-7), A(2;-5), E(3;-8), F(5;-4), G(14;-1), H(8;2),
K(11;8), L(6;3) u coeounume ux nocineoosamenwvno ompesxkamu AB, BC, C/],
AE, EF, FG, GH, HK, KL, LA. Haiioume nnouiadb noay4eHHou (puzypol.

B 2009 — 2010 yyebHOM rofy, cTaB mNpu3epoM KOHKypca — Urpbl «KeHrypy»,
MHE OBLI MpHUCIaH BOCBMOH BhIMycK cepun «bubmmoreuka kiryda «Kenrypy». B
HEM pacckasbiBaeTcsi 0 gopmyne [luka, koTopas MO3BOJIAET HAXOAUTh IUIOIIAIU

J00BIX MHOTOYTOJIBHUKOB C BEPIIMHAMH B y3JIaX KJIET4aToi Oymaru.



Moil NpoeKT MOCBAILIEH KJIETYATOM IUIOCKOCTH, TO €CTh OECKOHEYHOMY
JUCTKy Oymarw, pacuepueHHOMY Ha KBajpaTuku. Kazamoch Obl, 4YTO
YBJIEKATEIbHOTO MOXKHO HAWTU Ha OOBIKHOBEHHOM KieTdyaroMm Juctouke? He

CYAUTE MOCIELIHO!

[Tpn Hanmucanuu 3TOM pabOTHI 51 MOCTaBWia nepea co0oil Leab: HAYUYUThCS
BBIYKCIIATh IUIOIIAJIM MHOTOYTOJBHUKOB C BEpIIMHAMHU B y37ax KieTtku. Jlus
JOCTHKEHHUS] TOCTABIEHHON LENIM MHE NOTPeOOBalIOCh PELIUTh CIEAYIOIINE

3aa4u;

1. M3yuuts nureparypy 10 JaHHOU TEME;

2. Paccmotpetn pas3iuyHbIe crocoObl BBIYMCIIEHUI IJIOIIAIEN
MHOTOYTOJIbHUKOB;
3. IlokazaTh mpakTHUECKOE MPUMEHEHUE ITUX CIIOCOOO0B;

4. BBIACHUTBH IPEUMYIIIECTBA M HEIOCTATKH KaXKIOTO CII0C00a;

5. CI/ICTGMaTI/ISI/IpOBaTB u erIY6I/ITL HAKOIIJICHHBIC MHOU 3HaHMUA,

6. IloBBICMTH KaU€CTBO 3HAHUU U YMEHUM;

7. VHTEIIeKTyalbHO Pa3BUTHCA.



NCTOPHUYECKAS CITPABKA

ABgcrpuiickuit Marematuk [ eopr Anekcanaep [Iuk poguncs 10 aBrycra 1859
roay B Bene. Ero orei, Oytyun pykoBOAUTENIEM YaCTHOTO MHCTUTYTA, MPEATIOYET
10 11 net oOyyarh MaJIpdMKa Ha IOMY, a IIOTOM OTJIaJl €ro Cpaszy B YETBEPTHIN
KJIacC TMMHa3UM, OKOHYUB KOTOpyto B 1875 roay, I.A ITuk noctynui B Benckuii

YHUBEPCUTET.

[Tocie 3amuThl AUCCEPTALIMU €T0 YTBEPKIAAIOT Ha JOJKHOCTh ACCUCTEHTA
OJTHOTO W3 BeAyIIUX (PU3MKOB TOrO BpeMeHH, mpodeccopa IpHcra Maxa,
ABJISIFOLIErOCs. OMHOBPEMEHHO pekTopoM KapiioBa ynusepcurera B [Ipare —
cTapeiiiiero yueOHOTo 3aBe/IeHHs BO BCEX CIABIHCKUX cTpaHaX. [locTosHHO, 32
HCKJIIOYCHUEM TOe3/KU B Jlednuur s 00ydeHus noj pykoBojctBoM denukca

Kreiina B 1884-1885 romax, ITuk xuBet u pabotaet B [Ipare.

B 1900-1901 rogax I''A.Ilux 6611 nekaHoM (ustocopckoro Gaxkyaprera
Kapnosa ynusepcurera, u B 1911 rogy IIuk okazasncs Bo iaBe KOMUCCHH, KOTOpast
npuHsJia Ha Kadeapy MareMaruueckon gusrka Anpoepra DiiHiTeHa. OHu
CTAHOBSTCS OJIM3KUMHU JIPY3bsIMHU, COBEPILAS TPOJOKUTEIbHBIE IENINE MPOTYIKU

u O6ecenysi, BMECTE MY3UILIUPYIOT.

Cpenu Bcero MHOTO00pa3usi JOCTUKEHUM aBCTPUMCKOTO MaTeMaTrkKa
BbIIENIAE€TCS (popMyJa AJisi BBIYMCICHUS TUIOIIA/Ied MHOTOYTOJIBHUKOB C

BEpLIMHAMMU B y3Jax KieTku. OHa cTajia UpPOKO U3BECTHA TOJBKO B 1969 roxy,
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rociie Toro, kak ['yro IllTelinray3 BKJIFOUMII €€ B CBOKO 3HAMEHUTYIO KHUTY

«Maremarnueckui Kaiaei JoCKOID».

[Tocne Beixoga B 1927 rony Ha nencuto [Iuk BepHyJICS B CBOM POJIHOM TOpoJT
Beny. Onnako nocine annuttoca (nmpucoenuuenue) 12 mapra 1938 roga ABctpuu ¢
['epmanmueit emy cHoBa mpunuiock nepedparscs B [Ipary. B centsiope 1938 rona
¢bammuctckas ['epmanus BTopmiachk Ha Tepputoputo YexocnoBakuu. [ A.ITuk Obut
OpollieH B KOHIICHTPAIIMOHHBIH Jlareps B Tep3uHIITAATE, T1I€ U YMEP JABE HEJETU

CITyCTSI.
O®OPMYVYJIA ITUKA

MHoroyroibHUK 0€3 camoriepecedeHril Ha3bIBAETCS PEIIETYAThIM, €CITU BCE
€ro BEPIUIMHBI HAXOAATCA B TOUKAX C I[EJI0YUCICHHBIMU KOOpIMHATAMU (B

JIEKapTOBOM CUCTEME KOOPAMHAT).

JIuHuu, uaynme no CTopoHaM KIIETOK, 00pa3yroT Ha HEM CETKY, & BEPILIHHbI

KJIETOK — y3JIbl 3TOU CETKHU.

Haiinem miionia s MHOTOYTOJIbHUKA € BeplIMHaMU B y37ax (puc.l). Vckarp

€€ MOYKHO TIO-pa3HOMY.

Puc.1

1 crtoco0: ¢ MOMOIIBIO MTAJIETKH.



2 coco6: mompoOoBaTh pa3pe3arh MHOTOYTOJBHHUK Ha JJOCTATOYHO ITPOCTHIC

(buUryphl, HAUTH UX TUIOIIAAM U CIIOKUTh. OHAKO, 3TO OYEHb XJIOMIOTHO!

3 croco6: BBIYUCITIO TUIOMIAb 3AIITPUXOBAHHON (UTYPHI (pHUC.2), KOTOpast
«JIOTIOJIHSIET» MHOTOYTOJIBHUK 710 npsiMoyrosibHuka ABC/I, v BbIUTY 3Ty miiomaib
u3 wiomaau ABC/I. 3amrpuxoBanHas Gurypa (B OIMYUE OT UCXOAHOTO
MHOTOYTOJIbHUKA) JIETKO pa30MBaeTcsl Ha MPSMOYTOJIbHUKH U TIPSIMOYTOIbHbBIE

TPEYTOJIbHUKH, TaK YTO €€ IUIONIaAb Beraucisiercs 0e3 ycwinii. OHa paBHa:

Puc. 2
1-2+0,5-1-2+0,5-1-1+1-3+0,5-1-4+0,5-1-2+0,5-1-4+0,5-1-3=13 xB.ex.

CrnenoBarenbHO, IUIONIAAb UCXOAHOTO MHOTOYTOJIbHUKA paBHa 5-6-13=17

KB.CA.

Xots MHOTOYT'OJIbHUK W BBIITIAACT 10CTATOYHO IIPOCTO, JJIA BBIYUCIICHUA €TI0
ImIomaan MHC IIPUIIIOCH U3PAIHO IMOTPYAUTHCA. OKEBBIBEICTCH, iomaau
MHOTOYI'OJIbHUKOB, BEPHUIMHBI KOTOPBIX PACIIOJIOKCHBI B Y3JIaX CETKHU, MOXKXHO
BBIYHCJIATH Iopa3ao npome: €CTh (bOpMy.]'Ia, CBA3bIBAIOIIasA IIJIOIaAb TAKOIT'O
MHOI'OYT'OJIbHHKA C KOJIMYCCTBOM Y3JIOB, JIC)KAIIUX BHYTPHU U HA I'PAHULIC

MHOI'OYT'OJIbHHKA.



[lycTh aH HEKOTOPBIN PEMIETYATHI MHOTOYTOJIBHUK, C HEHYJIEBOU

IIJIOIMIaABIO. O0603Ha4UM €ero IJIomaab 94€pe3 S.'; KOJIMYECTBO TOYCK C

HCJIOYMCICHHBIMU KOOpAWHATAMMU, JIC)KAINUX CTPOIrO BHYTPHU MHOTI'OYTOJIbHUKA —
ucpes B, KOJIMYCCTBO TOUYCK C HCIOYHUCIICHHBIMH KOOPpANHATAMM, JIC)KAIIIUX Ha

CTOpPOHAaX MHOI'OYI'OJIbHUKA — 4YCPC3 I.

Torna cnpaBeyiuBa popmyna —S=B+1":2-1, KOTOpyI0 OTKpPbUT U JI0Ka3ajl

aBcTpuiickuil marematuk ['eopr Anekcanap ITuk B 1899 rony (1859-1943)
Jokaxewm ee.

JlokazaTenbCTBO MPOBENY B HECKOJIBKO ATAMOB: OT CaMbIX MPOCTBIX (PUTYD

A0 IIPOU3BOJIbBHBIX MHOI'OYT'OJIbHUKOB!

l.Enuanunsiii kBagpar. B camom gene, mis Hero S=1, B=0, I'=4, u dopmyna

BEpHa.

2.1IpsAMOYrolbHUK €O CTOPOHAMH, MapajuIeJbHBIMU OCSIM KOoOpAauHar. [lns

JoKa3aTesnbcTBa (popMyibl 0003HaUy yepe3 a U b JJIMHBI CTOPOH MPSMOYTOJIbHUKA.

Torga Haxoxy: S b B = (a-1)(b-1), I'=2(at+b). HemnocpeactBeHHoi
S=ua

MOJICTAHOBKOM yOe1aroch, uto ¢popmyna [Tuka BepHa.

3. JItoOo# TpeyroapHUK, pacloNOKEHHBIA Ha KJIETYaTol Oymare, BHyTpU KOTOPOTO
HET Y3JIOB, a Ha €ro rpaHulle Y3JIaMu SBIISIIOTCS TOJBKO BEPUIMHBI TPEYTOJIbHUKA,
nmeet miomanb 0,5 kB.en. Takue TpPEyroJbHHKH HA3bIBAIOTCS MPUMHUTHUBHBIMH.

CJIGI[OBaTeJILHO, CIIPAaBCAJIMBO CICAYIOIICC YTBCPIKACHUC!

Bce npumumueHsble mpeycojlbHUKU paABHOBENUKU U UX I’l]ZOLL;Cl()u PABHbL NOJ0O6UHE

nI0Waou eOUHUYHO20 K8AOpama.

MHO0keCcTBO MPUMUTHUBHBIX TPEYTOJILHUKOB pazHooOpasHo (puc.3).



Puc.3

4. IIpAMOYTOJIbHBIN TPEYTOJIbHUK C KareTaMu, NapajuieIbHbIMH OCSAM KOOPJIMHAT.

I[J'Iﬂ A0Ka3aTCJIbCTBA 3aME4dy, 4TO 000 TaKou TPCYTOJIbHUK MOKHO IIOJIYYHUTDH

OTCEYEHHEM HEKOTOPOrO IpPsIMOYTOJbHUKA €ro auaroHaibro. O0o3Hady depes

YUCJIO LEIOYUCIEHHBIX TOYEK, Jekammx Ha guaroHand. @Oopmyna [luka

BBIIIOJIHACTCS AJIAA TAKOI'O0 TPEYTOJIbHUKA, HE3ABUCUMO OT 3HAYCHU A ¢

5.I1pon3BONIBHBIN TPEYTOJbHHUK. 3aMeuy, 4TO JI0OOW TaKOW TPEYTrOJbHHK MOXKET
ObITh TIpeBpaliéH B MPSIMOYTOJBHUK TPUKICHBAHUEM K €ro CTOpOHaM
MPSIMOYTOJIBHBIX TPEYTOJbHUKOB C KAaTE€TaMH, MapaJIeIbHBIMU OCAM KOOpPJIUHAT
(mpu 3TOM TOHAMOOUTCS HE Oosiee 3 TakuxX TPEYroJbHUKOB). OTCIOIa MOXKHO

MOJIyYUTh KOPPEKTHOCTH (popMyJsl [1rka 1iist 1r000ro TpeyroabHUKA.

6.ITpon3BonbHBIN ~ MHOTOyroibHMK. s JOKa3arenbcTBa  pa3o0bl0  Ha
TPEYTOJIbHUKK € BEpIIMHAMHU B ILEJIOYUCIEHHBIX Toukax. Jlis omHOro
TpeyroiabHuka popmyny [luka s yxe nokaszana. [lanpiine, MOXKHO JOKa3aTh, 9TO TPU

N100aBIEHNU K MPOU3BOIHLHOMY MHOTOYTOJIBHUKY JIF0OOTO TpeyroyibHUKa (hopmyIia



[luka coxpaHseT CBOIO KOPPEKTHOCTh. OTCioma ClIeyeT, 4TO OHA BepHa s

71000T0 MHOTOYTOJIbHHKA.

CBs3b MEXIy TUIOMIAIBI0 (PUTYPHI M KOJTHMYECTBOM Y3JIOB, TOMABIIUX B 3Ty
¢durypy, ocoOEHHO $CHO BHMJHA B ciiyyae mnpsamoyroibHuka. Ilycte ABCI —

IMPAMOYTOJIBHHUK C BEPIHIMHAMMU B y3JIaX U CTOpOHAMH, UAYIIUMH 110 JIMHUAM CCTKH

(puc.4).

CwMmelly ceTKy Ha MOJKJIETKH BIIPABO U MOJKJIETKU BHU3. Toraa TeppUTOpHIO
OPSIMOYTOJIBHUKA MOXHO pasfeiuTh MEXAYy Yy3JIaMH CIEAYIOUUM 00pa3oM:
KOKIpli 13 B (BHYTpEHHUX Y3J0B) KOHTPOJUPYET LENYI0 KIETKY CMEIIEHHOU
ceTkH, Kaxabli u3 (I'-4) (rpaHUYHBIX HE YIVIOBBIX Y3JIOB) — IOJIOBUHY KIJIETKH, U

kaxaas u3 4 touek A, B, C, [l — 4eTBepTh KIETKHU.
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Puc.4

[TosTOoMy muTonaabr NPsIMOYrOJbHHKA S PaBHA:



S=B+I'-42+4-14=B+I2-1.

DTO pPaBEeHCTBO MOXKHO JI0OKa3aTh JpyruMm crocoOom. Ecinu cTopoHsbl
MpsSIMOYTOJIbHUKA paBHbI a M B (pHC.5), TO €ro IiolaJb paBHa S=aB, YHUCIO

BHYTPEHHUX y3710B paBHO B=(a-1)(B-1), a rpannynbix — ['=2(a+B).

B+I":2-1=(a-1)(B-1)+(a+B)-1=aB-a-p+1+a+B-1=aB=S
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Puc.5

[lenHocTh 3TO# (hOpMyINbI JUIsl BBIYMCICHUS TUIOUIAACH MPSIMOYTOJIbHUKOB
oueHb HeBenuka. Ho 3ta opmyna BepHa HE TOJBKO [Jisl MPSIMOYTOJILHUKOB, a U

IJIA IIPOU3BOJIbHBIX MHOTI'OYT'OJIBHUKOB C BCPIIMHAMU B Y3J1aX CCTKHU.



Jlerko yoenuThcs B CPaBEIIMBOCTH 3TOW (HOPMYIIBI JIIT MHOTOYTOJLHUKOB,

M300paKEHHBIX Ha PUC.0.
1) S=1+6:2-1=3 kB.ex.
2) S =2+9:2-1=5,5 kB.ex.
3) S=3+3:2-1=3,5 kB.ex.
4) S=2+5:2-1=3,5 kB.e.

5) S =0+19:2-1=8,5 kB.ex.
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Puc. 6



Ilycmb muozoyzonvnux M paspezan na muozoyzonvhuku MIu M2 c

eéepuwunamu 6 y3nax. /loxasxcy, umo SM=SM1+SMZ2.

Joxa3arensctBo. Paccmorpum puc.7. Ilycte MHoroyroneHuk AJ/IEBCKP

(MmHOTOYrombHUK M) paspesan orpe3koM AB Ha aBa MHoroyroiabHuka: ABCKP

(M1) u ABEJl (M2). Cocuuraro BHYTPEHHHE M TpPaHUYHBIC Y3JIbI Ka)IOTO

MHOrOyToJibHUKA. Eciin y3en BHyTpeHHU Juist M 1 He nexuT Ha otpe3ke AB (kak,

Hanpumep, Touka H), To oH BHyTpeHHu# nwiun aing M1 winm ang M2, nosatomy ero

«BKJIa» B BeIpaxkeHne SM u B cymmy SM1+SM2 ogunakos.



OnuHakoBBIM OYyZIET U «BKJIA» KaXkJIO0TO y37a, He JIeXKallero Ha orpeske AB

(manpumep, Jl): on paBen 12 .

Puc.7

OcTtanoch paccMOTpETh Y3IIbl, Jexkaliue Ha orpeske AB. Ecnu Takoi y3en

nexutT Mexay A u B (kak, nanmpumep, Touka O), TO AJiE MHOTOyroJibHHKAa M OH

BHYTPEHHMI, a JJI1 MHOroyroibHMKoBM1u M2 - rpanuussiii. I[losTomy ero



«Bkiag» B SM pasen 1, a B kaxaoe u3 Boipaxkenud SM1+SM2—- o 0,5. 3ameuy,

YTO «BKJaAbD» TaKOTo y37a B SM U SM1+SM2paBHsl.

Haxkonen, paccmotpro y3ibl A 1 B. OHu rpaHuuHble Kak 1ist M, Tak U s

M1, M2. IlosTomy, «BKIaa» KaxJa0ro M3 ATUX y3710B B SM paBen 12 , a B

SM1+SM2 - enunuie. 3Ha4UT, CyMMapHbIA «BKiIaa» y310B A u B B SM paseH 1,

yto Ha 1 MeHbIe, yeM ux «BKJIaa» B SM1+SM2.



Ho SM=BM+I'M2-1, a SM1+SM2=BM1+I'M12-1+BM2+I'M22-

1=BM1+BM2+I'M12+I'M22-2,

Tak yto B SMu3 00111€T0 «BKJIa/1a» BCEX y3JI0B BRIUMTAETCS 1, a B

(SM1+SM2) BeruuTaeTCS 2, M 3TO KOMIIEHCUPYET Pa3HUILY «BKIJIAJIOB) Y3JIOB

A u B.

HUrak, SM=SM1+SM2.



[IpencraBnto, 4T0O MHOTOYroJIbHUK M C BEPIIMHAMU B y3JIaX CETKH MOXHO

paspe3arb Ha k MHOroyrompHUKOB M1,M2,.. MK, Kanmplii W3 KOTOPBIX TaKke

MMEET BEPIUHBI B y3J1aX CETKH (puc.8).
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Puc. 8

Ecau s 6y,[ly BBITIOJIHATE 3TO PA3pC3aHUC IIAr’ 3a MIAroM: CHa4dajla OTPCIKY

M1, morom M2, u Tak pmanee, mo Mk-1, To Ha KaxigoM Imare s CMOTYy



BOCIosb30Barbest Qopmynoit [luka. B pesynasrare mnonydy paBeHCTBO SM=

SM1+SM2+...4+SMk.

Jokaxcy opmyny Iluka 0na npamoyzonvnozo mpey2oapbHUKa ¢

sepuiunamu 6 y3jiax CemKu u kamemamu, Jieicauiumu Ha JTUHUAX CEmKU.

Paccmotpro takoi TpeyroabHuK ABC u JOCTpOrO €ro 10 NpsMOYroJibHUKa

ABCJI (puc.9).

Hus  mpsmoyronbHUKOB — (popmyma [luka BepHa, T.€ SABC=ITABCA.

CnenoarensHo: SABCI=SABC+SAC/. OueBunno, yto SABC=SAC/. TloaTomy:

SABC=2SABC.



SABC=12SABC/1=12-2SABC=IIABC.

Puc. 9

Jlokascy popmyny Iluka 0na npou3eonbH0o20 mpey2oabHUKA ¢ 6ePUILHAMU

8 )3jlax cemku.

JIro60i1 TakoW TPEyroJIbHUK MOXKHO TOJYYUTb, «OTPE3aB» OT HEKOTOPOTO
OpSMOYTOJIbHHKA CO CTOPOHAaMH, HAYIIMMH IO JIMHUSM CETKH, HECKOJIBKO

MMPAMOYTOJIbBHUKOB U MPAMOYT'OJIbHBIX TPCYTOJIBHUKOB C KaTCTAMH Ha JIMHUAX CCTKU

(puc.10).



Puc. 10

A Ttak kak ¢Qopmyna Iluka BepHa A TaKUX NOPSIMOYTOJIBHUKOB H

MMPpAMOYTOJIBHBIX TPCYTOJIbHUKOB, TO OHA BEPHA U IJI HCXOAHOTO TPCYIrOJIbHUKA.

Ecau MHOI'OYI'OJIbHHUK MOKHO PAa3pe3daTb Ha TPCYI'OJIbHUKHW € BEPITUHAMHU B

y3J1aX CETKH, TO JUid Hero BepHa Gopmyna ITuka.

YV MeHs BO3HUK BOIIPpOC: a BCSKUM JIN MHOT'OYT'OJIbHUK C BEpHIMHAMU B y3JI1aX

MOXXHO pa3pe3arh Ha TAKUE TPEYTOJIbHUKU?

Ecnu Bce ymipl MHOroyroiabHuka MeHblie 180°, T.e. MHOTIOYTrOJIBHUK
BBIMTYKJIBIN, TO €ro MOXKHO pa3pe3arTb Ha TPEYroJbHUKH, HAlpUMEp, MPOBEIs
JUArOHANIA, COCUHSIONIME OIHY U3 €r0 BEPIIUH CO BCEMH OCTalbHbIMU (puc.11)
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Puc. 11



CnenoBarenbHo, (Gopmymna Iluka BepHa Isi  BCEX  BBIMYKIIBIX

MHOTI'OYT'OJIbHHUKOB.

Onsate Bompoc: a BblnosHseTrcs Jm (¢opmyna [luka s HEBBITYKIBIX
MHOT'OYTOJIbHUKOB? J[0Ka3aTelbCTBO 3TOro0 (pakTa OKa3ajdoCh CIMILKOM CIIOKHBIM.
Sl pemmiia Ha KOHKPETHBIX MpuMepax MpoBeputb Gopmyny Iluka ans Takux

MHOTOYTOJIbHUKOB (puc.12).
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Puc. 12

Pemenue:
1) S=0+32:2-1=15 kB.exg
2) S=18+17:2-1=25,5 kB.ex
3) S=0+20:2-1=9 xB.ex

4) S=0+19:2-1=8,5 kB.ex



¥Y3J1bl HA OTPE3KE

Heyno6ctBo popmynel [Tuka cocTOUT B TOM, YTO YK OU€Hb YETKUM JIOJKEH
ObITh YepTeX M OYEeHb BHHUMATEIbHO HYXHO €ro paccMarpuBarh, YTOOBI
ONPEAENINUTh, JISKUT JIM JAHHBIA y3€ll BHYTpU (UIYpbl WM K€ IONajg Ha ee
rpanuny. Kak To4HO cocumrTars 4ucio y3noB Ha rpanune? IlockonbKy rpanuna
COCTOMT U3 OTPE3KOB, TO MEHS 3AMHTEPECOBAII BOIPOC O KOJIMYECTBE Y3JIOB CETKH,

JICKAIMUX Ha IIPONU3BOJIBHOM OTPC3KEC C KOHIIAMHU B y3JIaX.

[Ilyctb A u B — y3nbl cerku. O6o3nauy uyepe3 C1 mepBblii y3el,

BCTpETHUBIIHICS TTocie A Ha oTpe3ke AB (3nauut, Mexxay Toukamu A u C1 Gomnbiiie

y3710B HeT). [Toctporo mpsmoyronbhbiid TpeyroabHuk AC1/]1 ¢ runorenysoi AC1

Y KaTeTamu, JISKAIIUMU Ha JUHUAX ceTku (puc.13).



Puc.13

Ecnu C1#B, To cMelly 3TOT TpEyroibHUK BIOJIL OTpe3ka AB Ha paccTtosHue

AC1. Tlonyuy paBsblii emy TpeyroapHuk C1C2/12. CnepoBarenbHo, C2- y3en, u



Mexay C1 u C2HeT y350B. SICHO, UTO €ClIM 3Ty NpOoLEAYpPY NPOAOTKUTH, TO KOTHa—

HUOYIb B KadecTBe odepenHor Touku Ck+1 mMoxHO momyuuTh TOuky B — y3en

cetku. PaccmarpuBass OosbIIOW  MOpsIMOYTOJbHBIM  TpeyroibHUK ARB ¢

runoTeHy30i AB, npHuxoxy K BBIBOIY:

AR=(k+1)AA1, BR=(k+1)C1J1, AB=(k+1) AC1 (*)

CKOJIBKO K€ Y3JIOB JIEKUT Mexay Toukamu A u B (cuurtaem, uro A u B He
Jexar Ha ofHOM nuHuU ceTku). [locTporo mpsMoyroiabHbIi TpeyronbHUK ARB ¢
BEpIIMHAMU B y3JaX CETKU U ¢ runoteHys3oii AB (puc.14). [lycte AR =p, BR=q.

O‘IGBI/II[HO, 4TO p U  — OCJILIC ITOJIOXKUTCIIBHBIC YHUCJIA.



Puc. 14

Teopema. Ecnu p u q- é3aumno npocmul, mo mexcoy A u B na ompeske
AB nem y3znoe cemku. Ecau jce naubonvuwinii oowuii oenumensv p u ¢ pasex n,

20e n>I(HOA (p, q)= n>1), mo na ompesxke AB mesxucoy moukamu A u B

pacnosnosiceno poeno (n-1) y3noe cemku.
Jloka3arenabCTBO:

1) [TycTh uncna p u q B3auMHO npocThl. Eciu mexy A u B Ob111 k y37108B

(k= 1), To, B3aB Ommkaitmuii y3en k A y3en C1, momyday o popmymnam (*):

p=( k+DAA1, q=(k+1)C1A1, Te. p u q umeror oOmwmi aenurens ( k+1),

oonpiuii 1. Ho Beah OHM B3aUMHO TIPOCTHI.

2) Ilycts HOM(p, q)=n>1. [lonemnto orpe3ok AR u BR Ha n paBHBIX yacTei,



onsTh npuxoxy K puc.10, C1,C2,...,Ck- kakue-1o y31bl ceTk ¥ k=n-1. Takum

00pa3oM B 3TOM cllydae Mex a1y Toukamu A u B ecthb xoTs ObI n-1 y3emn.
CrnenoBareiabHO, €ClIi CaMblil O0IBIION OOLIMI JEIUTENb YUCEN P U  PaBEH N, TO
Mexay A u B poBHO n-1 y3en. 3Hast, 3T0, MO)KHO HE My4asiCh COMHEHUSMHU C
YBEPEHHOCTBIO CKa3aTh, YEPE3 CKOJIBKO Y3J10B IIPOXOAUT IPOU3BOJIBHBIN OTPE3OK C

KOHIIaMH B y3JIaX CCTKH.

Ckonbko KiemokK paccekaem Ha 06e uacmu OuazoHa1b RPAMOY20/IbHUKA

mXxn, 20e m u n 63aUMHO npocmasle yucna?

3ameuy, YTO JUArOHAJIb TAKOTO MPSMOYTOJIbHUKA HE IPOXOJIUT Yepe3 Y3JIbl.
Byny cuurars, 4To AMAroHanb UIET U3 JICBOTO HUYKHETO yIjla MPsIMOYTOJIbHUKA.
Camoli iepBOil OHA pacceKaeT JIEBYIO0 HIDKHIOIO YIIIOBYIO KIETKY (KiaeTky Nel),

MOTOM OHa nonajaaet B ki1eTky No2 (puc.15), u Tak gainee.

Puc. 15

[TycTs nuaronains yxe nepecekia k kinetok. Tak kak oHa HU paszy He

IMPOXOOUT YCPE3 Y3CJI, TO BCCrAa MOKHO OAHO3HAYHO YKa34aTb, KaKyIO KJIICTKY OHa



pacceucT OCJIC KIICTKH ¢ HOMCPOM k.

Wrak, 1 nmoinyyuna «enoyky», UAyIyI U3 JEBOIO HUKHETO YIVIa B IPABBIN
BepXxHHUI. MHE HEOOXOAMMO TMOHSThH, YEMY PAaBHO YUCIIO KJIETOK B 3TOH IIETIOUKE.
Jlam xaxaou kietke aapec (t;s), €CIM OHa PACIOIOkKEHA B TOPU3OHTAIIBHOM PSITy C
HOMEPOM t , U BEpTUKAJIBLHOM Py C HOMEPOM S. JIEBBIM HUKHUI yIOJ MOJy4aeT
aapec (1;1) a mpaBblii BepxHUil — (m;n). 3aMeyaro, YTO MPHU MEPEXOE OT KIETKHU C
HoMepoM k B Hailei nenouke K KjieTke ¢ HoMepoM k+1 cymma uucen t v s B ajipece
BO3pacTaeT TOYHO Ha 1. 3HauuT, 4TOOBI MEpeUTH OT KIEeTKHU ¢ afapecoMm (1;1) k
KJIETKE C aJipecoM (m;n), HaJIO0 C/AeNIaTh POBHO M+n-2 MIaroB, NpOHIs, TAaKUM

obOpaszomM, m+n-1 KJIE€TOK.

Hycmb mu n-npou3eojibHble HamypajbHble UUucid. CKobKO K1emok

paccekaem Ouazonaib NPAMOY20J1bHUKA M X n?

[Tycte d — HO/JI (m;n). OueBuaHO, 4TO BAOIL JUATOHAIN UCXOHOTO

npsiMoyToJibHUKa oOpa3yercs d MajgeHbKkuX npsMoyroibHUKOB md X nd. CTOpoHBI

9TUX MAJICHBKUX IIPAMOYTOJBbHHUKOB YXC B3AUMHO IIPOCTHI, ITIO3TOMY HX

auaroHanu paccekaroT o md+nd -1 kimeTok kaxaas. 3HAYHT, TUATOHATH

UCXOJTHOTO MpAMOyrojibHUKA pacceueT (md-+nd -1)d=m+n-d kneTok.



B npsiMoyrojibHHKe m X n AUaroHajab paccekaer m + n- HOJ/I(m;n)

KJIEeTOK.(**)

Hamnpumep, eciii m 1 n B3aMMHO IIPOCTHI — TO m+n-1 KIIETOK.

PEIIEHUE 3ATAY

1. B npamoyzonvnuxe 4x7, Hapucoeannom Ha Kaiemyamoiu Oymaze, npogenu

ouazonanw. CKOIbKO K1emouek ona paspesana?
Pewienue.

1 cioco6: I'msaas Ha puc. 16 Jerko cocuuTarh, MPOCTO BOIS MATBLEM.

Puc.16
2 cnioco0: Wnu npumensisi yrepxkaenue (**): 4+7-1=10

Omeem. 10 xkneTokx



2. B npamoyzonvnuxe pasmepom 200x300, napucoeannom Ha Kiemuamoi

oymacze, npogenu ouazonanb. CKoNbKo K1emouex ona paspeszana na 2 yacmu?
Pewienue.

1 cnoco6: Baonws quaronanu npsmoyronbHuka 200x300 MoxxHO pacnionoxuTs 100
NPSIMOYTOJIBHUKOB 2X3, M B KaXJI0OM U3 HUX JHaroHayib OyleT paccekars 1o 4

KJIETKU.
2 cnoco6: ITpumenss yreepxkaenue (**) 200+300-HO/(200;300)=500-100=400
Omeem. 400 xiieTOK

3. B npamoyzonvnuxe 1000x1003, napucosannom na kaemuamoii dymaze,

npoeenu ouazonans. CKObKO Kemouek oHa paspesana na 2 vacmu?
Pewienue.

[Tpumenss yrBepxaeHue (**), momyuay 1000+1003-1=2002.
Omeem. 2002 kneTok

4. Hlaxmammnulit Koponv odouwien 00cKy 8X8 Kiemok, noovieas Ha
Kax)coom nojie po6HO 0OUH pa3 u NOCACOHUM XO000M GEPHYBUIUCH HA UCXOOHOE
none. Jlomanan, coedunawouias nociedosameibHo WeHMPyl nojieil, Komopule
npoxooun Kopoib, He umeem camonepeceuenuil. Kaxyio naowiade moodicem
ozpanuyusamsy yma aomanan? (Cmopona knemku pagua 1.)

N3 gopmynsl [1uka cpasy ciemyer, 4yTo IJIOMIAb, OTPAHUYEHHAS JIOMaHOW, paBHA
64/2 — 1 = 31; 31ech y371aMH pPelIeTKU CIIY>KaT LIEHTPBI 64 mose 1, Mo yCIOBHIO,
BCE OHM JIEKAT HA TpaHUIIE MHOIOyrojiibHHKa. TakuM o00pa3oMm, XOTS TaKHX
TPAEKTOPUA  KOpOJS  JOCTATOYHO MHOIO, HO BCE€ OHU OrPAaHUYUBAIOT
MHOTOYTOJIBHUKH PABHBIX TUIOMIAICH.

5. Cepedunvl cmopon Keaopama COEOUHEHbl OMpPE3KaAMU C GePUIUHAMU.
Hainimu naowads 60cobMuy20i1bHUKA U OMHOUIEHUE NA0wadu Keaopama K

nﬂomadu 60CbMUY20/IbBHUKA, 06pa308anuozo npoeedeuubtmu ompe3Kkamu.



Puc.17
Tak kak HYKHO HAWTHM OTHOLIECHHE IUIOIIAJEH, TO pa3Mepbl KBaApara pojud HE
urpatoT. [loaToMy paccMOTprO KBaJapar, pachoJIOKEHHbIA Ha UEIOYUCIEHHOU
pemeTke, pazMepoM 12x12; cTOpoHBI KBaJipaTa JieKar B y3J1aX KJIETOYEK.
Toraa, HETPYIHO 3aMETUTh, BCE BEPIITUHBI BOCBMUYTOJIbHUKA SBIISIFOTCS
y3JaMU perieTKy; 6oyee Toro, OTCIOAA JIETKO 3aMETUTh, YTO 3TOT BOCBMHUYTOJIBHUK
PaBUJILHBIM HE SIBJISIETCSI— OH PaBHOCTOPOHHUI, HO HE PaBHOYTOJILHBIH.
N3 dopmynel [Tuka Tenepp J€rko CieIyeT, 4To IIION[agh BOCBMUYTOJbHUKA paBHA
S=21 + 8/2 — 1 = 24 xB.exn. Ilnomans kBagpara pasHa 12° =144 xs.ex. [TosTomy
MCKOMO€E OTHOLIEHHUE IUTOIIaAei
paBHoO 6.
Omeem. 24 xB.ex., 6

6. Bvtuucaumo l’lJlOM/(aab MHO20Y20/IbHUKA.



Pemmenue:
S=33+28:2-1=46 kB.en

Omeem. 46 KB.€]1.

7. Butuucaumo l’lJlOlMllOb MHO20)Y20/IbHUKA.

S=65+11:2-1=69,5 xB.ex.
Omeem. 69,5 KB.eJI.

8. 3aoaua 3OTII)
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Pemenue:




Penienue:
1 crmoco0:

Ucnionb3ys Gpopmysbl 1)1t BBIMUCICHUS TUIOLIAAH MPSIMOYTOJIbHUKA U TIJIOIIAU

TpEyToJIbHUKA, BBIUKCIIO Tomaau uryp 1-16.

S1=6 xB.en.



S2=6 xB.ex.

S3=1,5 kB.ex.

S4=4 kB.ex.

S5=36 kB.ex.

S6=13,5 kB.ex.

S7=9 kB.ex.



S8=9 xB.en.

S9=18 kB.ex.

S10=12,5 kB.ex.

S11=16 kB.ex.

S12=8 xB.ex.

S13=26 xB.ej.



S14=2 kB.en.

S15=13,5 kB.ex.

S16=4,5 kB.ex.

[Tnomaae 60abII0TO IPSIMOYTOJILHUKA paBHA S' =16-18=288 kB. ef.

Haitny cymmy mmomanei S1+S2+...+S16=185,5 kB.ex.

CrnenoBaTenbHO, MIIOHIAF MHOTOYTOJIbHIKA paBHa S=288-185,5=102,5 kB.e.

2 cnoco06: ¢ nomoibio hopmynsl [Tuka

1. CocumTaro KOJIu4eCTBO BHYTPCHHHX Y3JIOB.



B=88

2. CocuuTaro rpaHUYHBIE Y3JIbL.
['=31

3. Ilpumento popmymy Iluxka.
S=88+31:2-1
S=88+15,5-1
S=102,5 kB.ex

Omeem: 102,5 kB.¢1.




9. Bviuucnums I’lJlOM{thb MHO20)20/IbHUKA.

‘ ‘ bl
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Pemienue:
S=117+68:2-1=150 kB.ex.

Omeem. 150 xB.e1.

9. Bwltuucaume nﬂoma()u MHO20Y20/1TbHUKOE.




Pemenue:
1) S=44+57:2-1=71,5 xB.ex.
2) S=40+54:2-1=66 xB.ex.

Omeem. 71,5 xB.ex.; 66 kB.ex.



UT'PHI HA KJIETYATON BYMATE
1. Okpy:xeHue
Ilpasuna uepwi:

1) IloenmHOK BemeTcs Ha aUCTKe Oymaru. Pasmeps! u dopMa mosst MOTYT OBITh

Pa3HBIMU, MUHUMAJIBHBIN pa3zmep noiisg — 12 x12 kieTok.

2) XOI[I)I ACJIAI0TCA ITOOYCPCAHO KapaHOAIIOM pa3HOIro ILBCTA. C,Z[eJ'IaTI) Xon —

3HAYUT MOCTABUTh TOYKY CBOETO IIBETA B JIFOOOI CBOOOHBIN y3€Il MOJIA.

3) Llenb urpel — OKpPYXHUTh (B34Th B IUIEH) CBOMMHM TOYKAMHU KaK MOXKHO

OoJIBbIIIE TOYCK COIICPHHKA.

4) Touka cuMTaeTrcsi OKPYKEHHOM, €CJIM BCE COCEIHHUE C HEU 10 BEPTUKAIU U
TOPU30HTAJIM y3JIbl 3aHATHI TOUKaMU CONEPHUKA. B X0lle UTpbl B OKpYyKEHHUE

MOIMaJIar0T KaK OTACIIbHBIC TOYKH, TAK W LCJIBIC I'PYIIIIbI. OKPY)KGHHBIC TOYKHU



OOBOMATCS JIMHHUEH, MPOXOAIICH Yepe3 BCE OKPYKHUBIINE HX TOUYKH

COTIEpHUKA.

5) MoxeT BO3HUKHYTh CHUTyalus, Tpyllla TOYEK, IUICHUBIIAS KaKOE-TO
KOJIMYECTBO TOYEK MPOTHBHMKA, Cama IIONANAET B OKpyXkeHue. B atom

CJIydac «ICPBUYIHBIC) IINICHHHUKH CHHUTAKOTCA OCBO60)KI[CHHI>IMI/I.

6) I/Irpa 3dKaHYMBACTCA, KOrla CJICAYIOMINC XOAbI YK€ HC MOI'YT IIPHUBCCTHU K
OKPY>KCHUIO HHKAKHWX HOBBIX TOYCK. HO6€I[I/ITGJIGM CTA@HOBUTCA TOT, KTO

OKPYKHJI OOJIBIIIE TOUCK.

fffff

2. Toukm
Ilpasuna uepwi:

OTMeThTe Ha JMCTKE HECKOJIIBKO TOouek (He MeHbie §). WrpawT naBoe,
MOOYEPETHO COCNIUHSIS JHOObIE JBE TOUKU OTPE3KOM. 3aXBaThiBaTh KaKylo-
Tu00 TPEThIO TOUKY HeNb3s. Kakaas Touka MOXKET ObITh KOHIIOM TOJIBKO
OJIHOTO OTpe3Ka. JIMHUU He NOKHBI nepecekarbes. [I[pourpeiBaeT TOT, KTO

HC CMOXKCT CACIATh OYCPCAHOI0 X014a. BapI/IaHTBI XO0O0B:



WAV VNV

ITPpaBUJIbHEBIC HCIIPpaBUJIbHEBIC

9TO HHTEPECHO

1. Ecnn BepmmHBI BBIMYKJIOIO N-YrOJIBHUKA JIEXKAT B y3JaX KIETYaTOU



Oymaru, a BHyTpH M Ha €r0 CTOPOHAX JIPYTUX Y3JIOB HET, TO N <4.

CrnenoBareiabHO, HA 32 YTO HE YJACTCsl MOCTPOUTH Ha KieTdaroid Oymare
BBIITYKJIBIA MATH-, IECTH-, U T.J. MHOTOYTOJIBHUK C BEpIIMHAMH B y3Jax Tak,
YTOOBI Ha €r0 CTOPOHAX, HU BHYTPHU HE ObUIO JPYrHX Y3JIOB. A BOT TPEYTOJIbHHUK
WIM YETBIPEXYyTOJBHUK C TakKUM CBOMCTBOM HAapUCOBAaTb COBCEM HETPYAHO!
(puc.18). Oka3blBaeTcsi HEBBINMYKJIbIE MSATH-, MIECTU-, U T.J. MHOTOYTOJIbHUKH C

TaKUM CBOMCTBOM TOKE€ MOXKHO HapHuCOBaTh.

Puc.18
L= L= L=
GV Oa" Ga7
2. [IpennonoxuMm, 4Tto BepwnHbI TpeyroiabHuka ABC pacrnonoxeHsl B

y37aX CETKH, IPUYEM Ha €ro CTOpOHAX APYTHMX Y3JI0B HET, a BHYTPU HETO €CThb

poBHO oauH y3en O. Torga O- Touka nepeceueHus meauaH TpeyroibHuka ABC



(puc.19).
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Puc.19
3. %3 IMIpaBHUJIBHBIX MHOI'OYI'OJIBHHUKOB TOJBKO YCTBIPCXYI'OJIBHHUK

(KkBapaT) MOXKHO Pa3MECTUTh Ha KJIETYATOM JIMCTE TaK, YTOOBI BCE €ro BEPIIUHBI
JeKAIM B y37aX CETKH. HHM C MpaBUIIBHBIM TPEYTOJIBHUKOM, HUA C IMPaBUIbHBIM
MATHYTOJLHUKOM, H T.J., 9TOTO CJIeJIaTh Helb3s! 3aMedy, 94To KBaJApar ¢ yI00CTBOM
pa3MeliaeTcs Ha KJIeTYaTol TNIOCKOCTH HE TOJIbKO OYEBUIHBIM 00pa3oM (Korja ero

CTOPOHBI UIYT M0 JIMHUSM CETKH), HO U nHaue (puc.20).



Puc.20
SAK/JIFOYEHUE

[lenb, KOTOPYIO 5 TTOCTaBUIIA TIepe co00l, MHOM peanu3zoBaHa. Pabora Han
IIPOEKTOM BbI3BaJIa MHTEPEC U YBIIEKJIA MEHs. DTa paboTa noTpedoBaia OT MEHs He
TOJIBKO ONIPEACIIEHHBIX MATEMaTUYECKUX 3HAHUM U HACTOWYMBOCTH, HO U Jajia MHE

BO3MOXHOCTB ITIOYYBCTBOBATH OI'POMHYIO PAJOCTh CAMOCTOATCIIBHOI'O OTKPBITHUA.

3ajaHus Ha BBIYMCIICHHUE UIONAA MHOTOYTOJIbHUKOB BCTPEYAOTCSA B
OJIMMITUA/IHBIX 33JJaHUSIX, TTOATOMY OHHM Pa3BUBAIOT JIOTUYECKOE MBIIICHHUE,
MOBBILIAIOT YPOBEHb MAaTEMATHYECKOU KYJIbTYPbI, IPUBUBAIOT HABBIKU

CaMOCTOSTENIbHON UCCIIeI0OBATEIbCKON PabOThl B MaTeMaTHKE.

dopmyia [1uka obyerdaeT U yCKopsieT HaX0XKISHHUE TUIOIIAIN

MHOTOYTOTPHUKOB. HO M OHa uMeeT CBOM HEIOCTATKH:
1. YepTEx MOIDKEH OBITH OUE€Hb YETKUM (IS TTO/ICYETA y3JI0B);
2. Dopmyia MIPUMEHSETCS JUITH B TOM CIy4ae, €CIIM MHOTOYTOJIbHUK

n300pakeH Ha KJieTyaToi Oymare;



3. dopmyIia HE UMEET aHAJIOrOB B IPOCTPAHCTBE.
Hekotopsle 3a/1aun B MPOEKTE PEIIeHbl HECKOJIIBKUMU CIIOCOOAMH.

B sToM roay st okaHuMBalO XyJ10)KECTBEHHYIO 1IKOTy. [ToaToMy pemnina

IIPUMEHUTH CBOM YMEHHUS M HAPUCOBATh YepTexku K 3a1adam Ne 9 u 10.

S mo3HakoMMIIa CBOUX OJTHOKJIACCHUKOB ¢ (hopmyroit [Tuka u mposena
HEOOJIBIIIYIO CAMOCTOSITEIIbHYIO padoTy. PedsiTam npeiaranoch BEIYUCIUTh
TUIOIah MHOTOYTOJIbHUKA, IPUMEHSSI Ha3BaHHYI0 (popmyity. Pesynbrarsl paboTh

Bbl BUAWTC Ha JUArpaMMcE.

Ota paborta cnocoOcTBOBaA Hosee ITYOOKOMY TOHUMAHUIO HIKOIBHON

IpPOrpaMMBbl U PACHIMPEHUIO KPYTo30pa.

Pasmbinniss HaJ TCM, 4TO CACIaHO MHOIO I pCaIu3alii LCIN, A IIPHUIILIa

K BBIBOJIAM:
0 HaGmrogeHne MOXeT MPUBECTH K OTKPBITHIO;
0 Jly4mui crnoco0 U3y4uTh 4TO-IMO00 — OTKPBITH ATO CAMOMY;

0 HY)KHO OTBICKATh B 3aAa4€ TO, YTO MOXKXCT IPUTOAUTHCS ITPHU PCIICHUN

JpyTHX 337124 (T.€. OOHAPYKUTh OOIITUH METOJ).

JlanHbIil Marepuan OyZIeT MOJIE3EH YYauIUMCsl, UHTEPECYOILUXCS
MareMaTuKoM. Ero MoXKHO HCIOIb30BaTh HA HEKOTOPBIX YPOKAaX U Ha

(haKyIbTaTUBHBIX 3aHATHUSX.
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