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[image: image1.png]B 1IkonbpHOM Kypce reoMeTpuy Mbl K3y4aeM ClleyIon[ue TOYKU:

a) TO4YKa nepecedeHre OHMCCEKTPUC (LEHTp BIXUCAHHON OKPY/KHOCTH);

0) TouyKa TiepecevYeHus CEepeIMHHBLIX MEPNEeHIUKYISAPOB (LEHTP ONUCAaHHOU
OKPY>KHOCTH );

B) TOUKa MEPECEUYEHUsi BEICOT (OPTOLEHTD);

r) To4yKa IepeceveHus MeauaH {LieHTPOUL);

Tpu Menuanbl TPEYroJbHUKA [EPECeKaroTess 3 OLHOM TOYKE U AENATCS €10 B
OTHOLUEHMHU 2:1, cuuTas OT BepllirHb:, T.€.

AM _BM _CM _ 2 Puc.1

BA, MB,” MC, 1

PaccMmoTpuM cBOMCTBA G#CCEKTPUC, MEAUAH K BLICOT TPEYTOJIbHHUKA.

PaccMoTpuM  YHCIO  3aMeyaresbHbIX  TOYeK M JIMHUM  TPEYroJbHHKA,
copmyarpyeM U JokaxkeM Teopemsr Hessl, Menenas, Ban-Obens, Crroapra u apyrue,
pELINM DS/l 3324 Ha IIPUMEHEHNE 5THX TEOPEM.
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I. Touka Toppryean.

Touxor Toppudemid TpeyrojbHUKa  HazbIBAeTCs  TakKas  TOYKa BHyTpI/I
TPEYTOJIbHUKAE, U3 KOTOPOU CTOPOHB! ,Z[&FHOFO TpeyroipHYKa BUAHBI nox yriom 1207,
to ecth yris AOB, AOC u BOC paersi 120°. (Puc. 2 )

JloxakeM, 9T0, eci¥ BCE yIibl TpeyronbHUKa Menblie 120°, To Touka Toppuuennu
CYLLECTBYET.

Puc. 2

Ha ctopoHe AB Tpeyresnpavka ASBC DOCTDOMM PABEOCTOPOHHME  TPEYTOJBHUK
ABC' (puc. 3a) 1 onuies OKOJIO HETO CKPYHKHOCTh. UTpe3ok AB CTsruBaeT Ayry 3Tou
OKpYHOCTH BesimuuHOM 120°. Crenosareisho, TOYKH 3TOH IYTH, OTHH‘{PMG oT A u B,
o0nanarT CBOUCTBOM, YTC OTPe30K AB BuJleH U2 HUX [10] YIJIOM 120°. Ananoruuso Ha
cropone BEC tpeyronpHuka ABC MOCTPOUM PABHOCTOPORK nit TpeyromsHuk BCA' (puc.
3a) ¥ OTIUIIEM CKOJIO HEI'O OKPYXHOCTh. | O4KM COGTBETCTRYICILEH AYIH, OTIIH‘{Hble OT
B u C, obnajaroT CBOKUCTBOM, 4TO OTpe3ox BU BujeH 3 HUX TOX YoM 120". B
clyuae, KOTJa VIbl TpeyroikHuka meHbiie 120", 374 AyTU repeceKatoTcest B HeKOTOpoi
BHyTpeHHed Ttobke O. B 310oM ciyudae yroxa AOB=120", yron AOC=120"

CrienoBatensHo, 1 yron BOC=120". Mostomy touka O SBASETCS HCKOMOA.
Koraa oaun us y"‘ﬂ’{)B D! ”‘}F;";bH“Ka Hanpumep ABC, paBen 120", Toukoii
KacaHus YT OKPYKHOCTeM 0v,3eT To4xa B (puc 36} B 3TOM clIyuae TOUKH Toppnqe and

HE CYLISCTBYET, TAK KaK HEJik3s rosoputh 00 yriax, MO KOTOPbIMU BHJHBLI U3 3TOH
Touky croponsl AB u BC.

Korma ofMH W3 YITIOB TpevroisHuxa, Hampusep ABC, Gosbuie 1207 (puc 3B)
COOTBETCTBYKIILIME OYIK OKpYXKHOCTEM He MNepecexalorcess ¥ Touku Toppuuennu He
CYLIECTBYET.

Puc. 3

4 a) :
C LABC <20





[image: image3.png]5)  LABC= 120"

C Toykoy Toppuuerin csga3ada 3azada Pepma 0 HAXOXKICHUM TOYKH, CyMMa
PACCTOSTHUM OT KOTOPOH 0 TPEX AAHHbBIX TOYEK HauMEHbLIas.

3azaga 1 (3Gapaga ®@epmaj). a1 1aHHOTO TPEYTroOJbHUKA HAW/(UTE TOYKY CymMMa
PaCcCTOSHUM OT KOTOPOU 10 BEPLUUH TPEVIOJIbHUKE DPUMHUMAET HaUMeHbIIlee 3HaueHUeE.

Pemenne. Jlokaxem, 4TO eciu Yribl TpevroibHuxa MmeHbiie 1207, uckomoit
TOYKOU B 337iaue Depma SIRISASTCE TOUKaA | OppUYELUIL.

Duc. L[ lloBepuém tpeyronpHuk ABC  Bokpyr
Bepinmdet C Ha yron 60° (puc. 4). ITosnyuum
Tpeyroabauk A'B'C. BosbMméMm [IPOU3BOJIBHYIO
104Ky O B tpeyronapHuke ABC. Ilpu moBopoTe
ona r1epeinéT B  Kakylo-To Touky O
Toeyromsank O0'C — PaBHOCTOPOHHMM, TakK
Kax CO=CO' U Yol OCO'=60",
crenopatensio, OC=00'. Tlostomy cymma
1y OA+OB+OC  Oyaer paBHa JJIMHE
nomanHot  AO=00'=0'B'. Hawumenbluee
3HAYEeHHE UIKMHA OTOU JIOMAaHHOU NpPUHHUMAET B
criydae, ecnu Toukn A, O, Ol, B! nexar ua
oaHOM npavoi. Eeauw O — Touxa Toppuqeﬂnn
O 3TO TaK. ﬂeﬁcwaeano yroar AOC=120",
yroi COO'=60". CrenoBartensHo, TOUKE A, O
)| TekaT WA OAHOM TNPAMOM. AHAIOTMYHO,
YO CO'0=60", yIroJa CO'B'=120".
C:eqosartensro, toukn O, O', B' ne>1<aT Ha

OZIHOV: 105 MOHM, 3HaUUT, TOUKd A, O, O B BCe
FEWAT HA OHOU TIPIMO.

=

-3
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B cayuae, ecin OAuH U3 YIJIOB TpeyrosibHUKa Oonbuie uiau paseH 1207,
pelleHueM 3a1a4n @epMa ABIIAeTCs BEPLIXEA 3TCrO yria.

2. Touka Keprona.

[Ipsimble, TipOXOnsiIME Hepez BeOLIMHBL TPEYrolbHMKA M TOYKH KacaHus
BIIMCAHHOU OKPYIKHOCTH, [IEPECexaroTes & ONHOV TOUKe, Ha3blBaeMbld Touko# XKeproHa.

JIEUCTBUTENBHO, MYCTh OKPYHAHOCT: xacagrcss CTOopoH TpeyronbHuka ABC B
toukax A, B, C; (puc. 5). Torna AB=AT,. BC,=2A,, CA,=CB,, ciefgosarejibHO

AC, . BA; BA; CB; — i C

cB AC "BA_ T Puc. 5

A

C,

3Hauut, npsimbie AA, BB,, CC, nepscexarorcs 8 01HOHN TOUKE.

3.0KPY:XKHOCTH ACBHTH TOYEK.

Puc. 6

ilycrs B tpeyronsauke ABC (puc. 6)
H-touka [epeceyeHuUs BBICOT
TPEVIOABHMKA, TOYKH Ay, B;, C,
00031a4ar0T GCHOBaHMS BBICOT, A,, B,
(C,-cepeiH  COOTBETCTBYIOLIMX CTODOH;
A3z, B;, Cs-cenennnbt otpe3koB AH, BH u
{H. ;‘E(}Fﬂa A;, B;} C}, LAz, Bz, Cz, A3, B
{3 - nexar Ha OJHOU OKPYKHOCTH,
HA3biE2EMON CKPYXKHOCTBIO JEBITH TOUYEK
1M OKpYXHOCTBIO Diliepa.

Y

3-!




Действительно, А3,В2 -средняя линия треугольника АНС, следовательно, А3В2 параллельно СС1, В2А2 -средняя линия треугольника АВС, следовательно, В2А2  II АВ. Так как СС1 перпендикулярен   АВ, то угол А3В2А2=900. Также можно доказать, что угол А3С2А2=900. Поэтому точки А2,В2,С2,А3 лежат на одной окружности с диаметром А2А3. Так как АА1 перпендикулярен ВС, то точка А1 также принадлежит этой окружности. Таким  образом, точки А1 и А3 лежат на окружности, описанной около треугольника А2В2С2. Аналогично доказывается, что точки В1 и В3, С1 и С3 лежат на этой окружности значит все девять точек лежат на одной окружности.
[image: image5.png]IL. {lpsamMbie

I.Iipaman Jnaepa.

B tpeyroiibHUKE UEHTD OMICAHHOW OKDPYKHOCTH, TOYKA IEepecedeHus] MeauaH,
TOYKa IEPECEUCHUS] BBICOT ¥ LEHTD OKPYXKHOCTH AEBATH TOYEK JIe)KAT Ha OJHOU
MpSIMOH, Ha3biBaEMOH NpAMoOi Diinepa, npuuém OG:GH=1:2

Ilpu 3TOM LEHTpP OKPYKHOCTH NEBSITH TOUYEK JISKHUT HOCEPENUHE MEKTY LLEHTPOM
nepeceyeHMs BLICOT M LEHTPOM ONKUCAHHON OKDYIXHOCTH.

Puc. £

JIEVICTBUTENIBHO, NyCTh B
Tpevioabiuke ABC (puc. 7) touka O -
ISHTD OINMCAaHHOW OKPYKHOCTH, (G-TOYKa
[epecedeHUs MeJIMaH, H-touxka
ICpeCeyeHus 85ICOT. TpeldyeTcs JoKa3ars,
470 touxkuy O, G, H nexar ua omHoH
IPSMOd U LUEHTP OKPYKHOCTH JEBITHU
Touex N Jienut otpeszok OH nomnosnam.

PaccmoTrpum romoTerirc ¢ uerTpoMm 8 touke G u xoaddurmentom 0,5. Bepluuns
A, B, C tpeyronsuuka ABC nepelinyr coorBercTBesHe B Toukd A,B,C,. BbIcoTbI

TpeyronbHuKa ABC rzepenz[y’%‘ B BBICOTBI Tpeyrojisuuka A,B,(,, ciegoBaTensHo, ToukKa
H nepeninér & rouky O. Ilearomy Touku O, G, H SyuyT nexars Ha 01HOM NPSIMGIi.

HoaameM 4To cependHa N 0?@@31{& OH siBrgeTcs UEHTPOM OKPYIKHOCTU LEBATU
ToueK. JiedctButesibHO CiC) -Xopaa OKpyKHOCTY 21eBSTH ToueK. [103TOMY cepenrHHbIH
n@pneq w&ywsm K OTOK XOpie sIBnxe7Cs 4YacThro uamerpa u nepecekaer OH B
cepejiune N.

AHa/lI0THYHO, CEPEeAMHHBLIA DEPIEHAUKYISp K xopae BB, sBusercs dacThbio
auametrpa H u nepecekaer UH B toM e Touxe Nj, 3HauuT N-LIEHTP OKPYKHOCTH
JI€BITU TOYEK.

2.lipamasa Cumcona

A IPOU3BOIBHONG TPEYIOIEHYKE GCHOBARYKA NEPIEHUKYISPOB, OMYILICHHBIX U3
A000M TOYKM OIMUCAHHOM OKOAC HErs OKPVKHOCTA HA  ero CTOPOHB!I HJH HUX
NPOAOJIKCHHS, JI€)KAT Ha OJHOH TIPSMON, HA3BIZaSMGO i‘DHMOH CumMcoHa.

JleiicTBuTENIbHO, mycTh P - fnpousBoisHas Touka jekamias Ha OKPYXHOCTH
ONMCaHHOW OKOJ0 Tpeyronstuxa ABC; D, E. F-ocHoBauus ICPHEHAUKYJIAPOB,





[image: image6.png]ONMYIIEHHBIX TEepIeHANKYIAPOB U3 TO4UxY P Ha CTOPOHBI TPEYyrojbHMKa (puc. 3).

[ToxaxeM, uto Touku D, E, F nex

Puc.8

Vron CPF=90" — yron PCF =00" -

T 4a OIHOM NPSMOM.

Fcmu AP nmpoxoauTr depe3 LEHTP
OKpyuHOCTH, Toukr D u F coBnanaroT ¢
zepimaaamy B 1 C. B n1poTHBHOM city4dae
oaus u3 yraos ABP nin ACP octpbid, a
aoyroidl tynou. M3 ororo cienyer, 4TO
Touky D W F OyAyT paciosioKeHbl IO
DA3HEIE CTOPGHH or mpsmon BC, nns
TOTG, 470 OBl JOKa3aTh, 4To Touku D, E, F
nexar Ha  OAHOM  NpsAMOH,  Hauo
nposesuTs, 94T0 yroia CEF = yriy BED.

JruiieM OKPYXKHOCTH C III/IaMeTpOM
CP. Tax xak vroia CFP = yrny CEP = 90",
To wouxuy & u F ojgexar Ha OTOH

omv yront CEF = yrny CPF, kak
BIIKC2HHEBIC YIUIbi, ONMpPAIOLIHECS Ha OJHY
IYTY OKPYKHOCTH.

A

- yron DBP = yray BPD.

OmuitiieM OKpYKHOCTh ¢ nuamerpom BP. Tax kax yroa BEP = yruy BDP = 90", To

toukn E u D JjexaT Ha 3TOU OKPYKHOC

[Tosromy yron BPD = yray BED

CienoBaTenbHo, nonyyaem, uro yroa CEF = yray BED. 3naunt touku D, E, F nexar

Ha OJHOMN TIPSIMOH.

~




[image: image7.png]I11. Teopemsb!

PaccMoTpuM 0OIIME TEOpeMBl, [O3BOJIAIOLIMAE YCTAaHABIMBATh, B KaKOM
cilyd4ae TPY TOUYKH, JeXKal|e Ha CTOPOHAX TPEYrojbHUKA WU UX IPOJOKEHHUSX,
PUHAJICKAT ONHOM NpsiMoil (Teopema MeHenas), a B KAKOM Clly4yae TpH NIpsMbIe,
NPOXOASIIME Uepe3 BEePLIMHBI TPEYTrOJbHUKE W HMPOTUBOIMOJIOKHBIE UM CTOPOHBI
TPEyTroJbHUKA IePeCceKaroTCsl B OHOH TOUKe (TeopeMa UeBkr).

Teopema MeHenaa (noxasanHas APEBHErpeYeCKMM MaTe¢MaTUKOM |
acTpoHOMOM MaHenaeM AJleKCaHAPHIACKUM, KUBLIUM B | BeKe 0 Hallel 5pbl).

ITycts Ha ctopoHax AB, BC u nponmosmxenuu ctopoHbl AC TpeyronbHHKa
ABC B3aTbl coorBercTBeHHO To4kM (1, A, ¥ B,. Touku A; By C, nexar Ha oqHOU
NPSIMOM TOT/1a U TOJIBKO TOT /1A, KOT'a BBINOJIHAETCS PABEHCTBO

AC; BA] x —21 CB] i
Puc. 9 CB*AC BA_

JlokazareancTBo. Ilycts Touku A; B, C,
IpKUHaITIeKaT OJHOU mpsiMor a (puc. 9).
Onyctum u3 BepliMH TpeyrojbHuka ABC
NepIIeHAMKYASIPbI AA', BB', CC' na
PSIMVIO a.

A AC. A" ~ ABC; Bl, cJie10BaTeJIbHO,

AC, AA
C B~ BB'
A BA B, ~ ACAlCl, cleoBaTelIbHO,
BA, — BB
AC T cC!
A CB.C ~ AAB; A', cnenoBaresbHO,
. CB, _ cC
BA — AA

[Tepemuoxast noJIyHeHHble paBGHCTBa [OTTY MM
AC, BA, _ CB,_ AA L, CC'

X b4
cCB*AcC *BA BB CCT AN =1

3apaua 2. Touka C, genut ctopory AB tpeyronsnuka ABC B oTHOIIEHHU
2:1. Touxa B, nexwut Ha nponosikesuu ctopods AC za touxy C, u AC =CB,. B
KaKkoM oTHouleHuM aenut npsamas B,;Cy ctopery BC?  (Puc. 10)




[image: image8.png]B Puc. ’{O iloy CHOBMK)
5 2 CB, _ 1
2, BaA

L/EB ‘i - B A 2 .
Vicnonbiys teopeMmy Menenad,

HaXOUM:

BA, _
;ﬁ&;C N i

2. Teopema Herbl (ony0iuxoBardHas B 1678 rony UTalibsHCKUM MaTEMaTHKOM U
UHKeHepoM [[PKOBaHHU YeBbi).

[Tycts Ha croponax AB, BC u AC tpeyronsauxa ABC B3STbI COOTBETCTBEHHO
toyku C;, A, n By. Lpamsie AA B%;‘, CC, nepecekaroTcsl B OJIHOM TOYKE TOTAA U
TOJIbKO TOTIA. KOraa

AC, BA L CB -y
C.B A C B AT
HoxazareaberBo. |lpenmnonoxum,
Puc. 44 yro  npsmeie  AA;, BB;, CC,
epecexkatoTess B Touke O (puc. 11).
if} vetuM M3 BepuH A 1 B
TPeYrOibERKA ABC
GePNeHIMKYISDbI AA', BB' =Ha
ipamyro CCy

AACA' ~ a4 BCB', 10

AC, AA, _ S A AOC

C,B T BB, SaBOC

AHaMOTU4YHO,

BA; _ Sa BOA CB; _SaCOB

AQC S aCOA B]A—SAAOB

[lepemHOXKasi MOJIy4YEeHHBIE PaBEHCTBA, 10y YHM:

AC BA1 CBl - i

M3 teopembi UeBbl criienyeT, 4To MeAUansl TpeyrojgbHUKa NPECEKarTCs B
OJIHOU TOUYKE.




[image: image9.png]3ajaua 3. JloKa3aTe, uTo GHCCEKTPUCH! TPEYTOJBEHMKA IICPECCKAIOTCA B OHOM
Touxe. (Puc. 12)

JioxasarejbCTBO. [IycTh AAI, BB',
CC' — OMCCEeKTPHUCHI TPEYrOJIbHUKA
ABC. Torzaa, uCrojib3yst TECOpeMy
“HeBbl, TONYYUM

AC; _ AC BA' _ AB
TR - BC! A'C T AC
CB' _ BC |

-— - —_—

B'A AB

Crnenosarenbio AC o of 8B -y
CBAC " BA ™ 77

] ] ] PRV L e oy B N e T -~ bl -
sHauauT, AA, BB, U nepecexarored B C/AHOU TOUKE.
3anaua 4. Touru C, v A, genst cropoust AB u BC Tpeyronbnuka ABC B

otuomtennu 1:2. Tpamete CC, v AA; [OpeceKkaroTcs B TOYKE O. Haugute
oTHoLIeHUs:, B xoTtopom nipavas BO genmur cropony AC.  (Puc. 13)

Puc. 13

PeieHYR.
1o yenosuto AC, _ BA, _ 1

CB AC 2

v

Acnions3ys Teopemy Hessl, HMEeM

PR’
-

‘é"? “ s
34

a A
X





[image: image10.png]3. Teopema Ban-Oteas.

[Tycte na croponax AB, BC u AC tpeyronbpauka ABC B34THI
cootBeTcTBeHHO TOukd C;, A; u By. Eciam nmpsmseie AA,, BB, CC, nepecekarorcs
B TOYKe O TO MEET MECTO PaBEHCTBO

OC, AR, ' B/A

JiokazateabcTBO. Uepes BepuinHy C
tpeyronsauka ABC npoBenéM npsmyro,
napa;iensHy:0 AB (puc. 14).
fipcromxum AA, u BB, Il(} nepeceqeﬂnﬁ

C ITOU GPIMOM B Toukax A' u B'
COOTBETCTBEHHO

A AOB~ g4 A'OB

CO_AB _ACHCE . AT, 08,

OC; AB AB B AB A )

A A'CIA'~ AABA, ACB'B, ~aABB; }
AC . CA, - CB' _ CB; .

CrnenoBaTelibHO, CO _ CA + B,
OC, B

>
&
=

13 "{Oi(cBaHriOI/{ TSOpeMbi CICAYCT, HTO MC/ivdHbBlI TPCYT'OJIbHUKA TOYKOU UX
IMepeCCUCHUA ACATCA B OTHOLLICHUY 2] t, CHHUTas OT BCPUINHbI.

3apaua 5. B KakoM oTHOIeHK K ReasTCs CHCCEKTPUCH! TPEYTOIbHUKA TOYKCH
¥X fepeceuedus. (Pac. 15}

veuntenue. Ilycts AA,, BB, CC;, —
ouccexTpucsl TpeyroabHuka ABC, O
— TCUKZ UX IIePECCUYCHHUS.





[image: image11.png]4. Teopema Crwapra.

TlycTs B TpeyroJIbHUKE ABC AB = ¢, AC = b, BC = a. Touka D penur
cropoHy AB Ha oTpe3ku AD = C,DB=C " 1 CD d.
Torna yMeeT MECTO PAREHCTBO

R

o) 2 U , B! B
dic=a~c+B c—ce' ¢ UITY
‘ 2

Ei

2

a B ll i"
di=L. ¢ =-c-c-cc’.

C C

JloxazaTreibeTBO. 1lycts CE — 8bicoTa 1peyroJibHUKa ABC (puc. 16).

P uce., 16 C {To TeopeMe KOCUHYCOB.
g 0 A ADC: 82:(c1)2+d2—201d°cosLADC
P=(c)?+d*+2c' DE (1)
A \/\__E/ B> AADC:a = (c')? +d —2c''d cost ADC
c' D L

= +d*+2¢" DE  (2)
YmvuoxkuM (1) Ha ¢ (2)nac' u

2 11 132 2 RN
CIICHKUM B°c =(C; M+ atett+ 20 DE
+ T2 2 a1
Y

B?CH +ac "(J —%-c”*}f ?‘C” +d” (Ci +c')

«

3azaua 6. VMcnoisays teopemy Crroapra, BhIHUCIUTE Ouccektpucy CCy = (.
TpeyroisHuKa o ero croporam AB =C, AC =3, BC = a. (Puc. 17)

PHC. 14 C Pemenne. O603na9uM AC,=c¢',

Tormac' +c¢''=c  (3)

Tax Kax OUCCEKTpHCca JeJIUT CTOPOHY
TPEYroJbHUKA Ha 4acTHu,
IPONOPLIMOHAJIbHBIE  TIpUJIEKAILIUM
CTOPOHAM, TO

ac' =bc'' (4),





[image: image12.png]U3 (3) u (4) Haxomgum ¢’ uc' .

1 1
c +¢ =¢
; 1
acl’ = be

o'l - ac
b
¢ ac'_
cl=E=c
“_3(3
¢ =5
{_ be
c'=—=
1 B¢
C =0
H_ 4ac
C'=—%

1
lfoacrasnsisi ¢ ¥ c B paBeHCTBO TeopeMbl CTroapTa NONYUYUM

(Lfe= ol + B2 - e e

+b g+ B (a+ by

Otkyna

L Naba+tb+cj(a+b—c)
a+o

IlpencrasieHHbIN wmaTepuai

MOXeT ObITh HCHOJB30BaH Ha YpOKax IIpH

peUICHWM 3a]a4, Tax W 1P MPOSEACHUU BJISKTHRHBIX KYPCOB IPU HOATOTOBKE K
TYPHUAPAM, KOHKYPCAM U OJIUMIIHAga M

11O MaTeMaTUuKe.
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