1. PO/K/IEHHE @ YHKIIHU.

Bce Teder, Bce M3MEHSETCS B OKpPY’KaIOIEM HacC MHUpeE, Kak 3aMETUIIH elle IpeBHue. Bpamaercs
BOKPYT' CBOEW OCH 36MHOH 11ap, U JI€Hb CMEHSIET HOUb, 3EMJISl BEPILUT CBOM BEUHBINA OET BOKPYT
Connua, CosHile BMECTe CO BCEMU IUIaHEeTaMH BEYHO JIETUT B KocMHuueckue fanu... Kaxercs,
pUYeM 3/1eCh MaTeMaTHKa, a TeM OoJiee (PyHKIMH U TpaduKH, HO, KaK 00pa3HO 3aMETUII
Benukuit . [Namuneit (1564-1642), kaura npupo/Isl HamKcaHa Ha MAaTEMaTHYECKOM SI3BIKE H €€
OYKBBI - MaTEMaTHYECKUE 3HAKH U TeoOMeTpuyeckre (Gpurypsl, 6€3 HIX HEBO3MOKHO MTOHATH €€
CJIoBa, 0€3 HUX TIICTHO OMyXJAaHuEe B OCCKOHEYHOM JIAOUPHUHTE. A UIMEHHO (DYHKITUS SIBIISCTCS
TEM CPEJCTBOM MATEMAaTHYECKOIO A3bIKA, KOTOPOE I103BOJISIET OMMCHIBATH IPOLECCHI ABMKEHHUS.
M3MEHEHUs, IPUCYILUE IPUPO/IE.

BriepBbie pyHKIIMS BOIIa B MATEMATHUKY TOJI MMEHEM "TIepeMEeHHAs BETMYHHA" B 3HAMEHUTOM
Tpyne ppaniysckoro matematuka u puiocoda P. Jlekapra "['eomerpus” (1637 ron), u ee

MOSIBIICHHE MOCTYKHJIIO, TIO CJIOBaM DHIelbCa, MOBOPOTHBIM ITYHKTOM B MaTeMaTHKe, Ojaroaapst
YeMy B Hee BOIIUIM JBHMKEHHE U TEM CaMbIM JuajieKTuKa. be3 nepemeHHbIX BennynH, Hbl0TOH He
CMOT OBl BBIPa3UTh 3aKOHBI JMHAMUKH, OMMCHIBAIOIINE TPOLIECCHl MEXaHMUECKOTO JBMXKEHUS T
- HeOECHBIX U BIIOJIHE 36MHBIX, & COBPEMEHHbBIEC YUEHBIE HE MOTJIM Obl PACCUNUTHIBATH TPACKTOPUU
JBIDKEHUS] KOCMUYECKUX KOpabJiel u pemaTh 0ECKOHEYHOE MHOYKECTBO TEXHHUYECKUX MpolIeM
Hale 3MOXU.

C pa3BuTHEM HAYKU MOHATHE (DYHKIIMU YTOUYHSIIOCh 1 00001manock. Celyac OHO CTaIO
HACTOJIBKO OOIIMM, YTO COBIAJAET C MOHATHEM COOTBETCTBUA. Hanmpumep, Kak/Iplii YyeIoBeK
uMmeeT uMsl. [IpyruMu ciaoBaMu, Kaxa0My Y€IOBEKY COOTBETCTBYET ONPEIECIIEHHOE M.
[ToaTOMY MOHO TOBOPHUTB, YTO MBI UMeeM (DYHKIIHIO: 00JIaCThIO "3HAYCHHI" HE3aBUCUMOM
MIEPEMEHHOM 3/1€Ch CITYKUT MHOKECTBO BCEX JIIOJICH, 8 MHOKECTBOM "3HaUCHHNA" (QYHKITUH -
MHO>KE€CTBO BCEBO3MOKHBIX UMEH.

JIro60mBITHO, YTO MPUBECHHAS 37€Ch (DYHKIMSA SBISETCS, BOOOIIE TOBOPS, HEOAHO3HAUHOM, TaK

KaK HEKOTOPBIE JIFOJIM UMEIOT 10 HECKOJIbKY UMEH. PaccMoTpeHre HeoTHO3HAUHbIX (PYHKINN
HEYAO0OHO, IIO3TOMY CTApAIOTCS MEPEHTH K UX OJTHO3HAYHBIM BETBSIM, TO €CTb ISl KAXKJIOTO
3HAYEHUS HE3aBUCUMOM MEPEeMEHHOM U3 BCeX 3HauUeHUl (yHKIIMHU BBIOUPAIOT KaKoe-I1u00 OJHO.
Hanpumep, U3 Bcex UMEH YeI0BEKa, €CIIM UX HECKOIBKO, OJTHO OOBSIBIIAETCS MEPBHIM UMEHEM.
Ecnu orpanuuuThCs TOJIBKO MEPBBIMU UIMEHAMU, TO paccMaTpuBaeMasi QyHKIHS SIBISETCS
0HO3HAaYHOH. OOBIYHO, ecii 0 (PYHKIIMHM HUYETO JOTOJIHUTEIFHO HE CKa3aHo, OHa
IperoaraeTcs OAHO3HaYHON, @ BO3MOKHOCTh MHOTO3HAYHOCTH CHEIMAaIbHO OTOBAPUBACTCS.
Takum oOpazom, GyHKIUEH B 00IIeM MOHMMAHUN HA3bIBAETCS JIF000# 3aK0H (ITPaBHUIIO), IO
KOTOPOMY Ka)XXZIOMy OOBEKTY U3 HEKOTOPOIO KJiacca, 00JIacTu orpeaeiaeH st GyHKIHUHU,
MOCTaBJICH B COOTBETCTBHE HEKOTOPBIM 0OBEKT U3 IPYroro (WM TOTO Ke) Kiacca - 00JIacTh
BO3MOXKHBIX 3HAUYEHUHN (YHKIIHH.

Mgl OyzieM Ha3bIBaTh QYHKIUEH 3aBHCUMOCTD, CBSI3BIBAIONIYIO C Ka)KbIM 3HAUEHUEM O/IHOM
MIEPEeMEHHOI BEJIMYUHBI (ApTryMEHTa) U3 HEKOTOPO# 00J1acTh ee U3MEHEHHsI OIpeIe]ICHHOE
3HAYEHUE JIPYTroil BeNMUUUHBI (PYHKIIUH).

2.KAK 3A/TAIOTCA ®YHKI[HHU?

CymiecTByeT Tpu OCHOBHBIX CII0C00a BBIPAKEHHSI 3aBHCUMOCTEH MEXIY IBYMsI BETMUNHAMM:
TabIuuHbIi, aHanuTHdeckuit ("popmynbHbIi") u rpadpudeckuii. C 3STUMH KIIACCUYECKUMHU
croco0aMH MpeacTaBIeHus (PYHKIIMHA YacTO MPUXOJUTCS UMETh JEJI0 IPU YCTAaHOBJICHUU U
U3y4eHHH 3aBHCUMOCTEH, KaK B €CTECTBO3HAHMHU, TaK U B CAMOI MaTeMaTuKe.

TaGnu4HbI c1TOCOO Ba)KEH MOTOMY, YTO SIBJISIETCSI OCHOBHBIM ITPpH 00HAPYKEHUH PeaTbHBIX
3aBUCUMOCTEH U MOXKET 0Ka3aThCs K TOMY K€ €IMHCTBEHHBIM CPEACTBOM MX 3a1aHus. K
TaOJIMYHOMY 33/1aHUI0 (PYHKIIMU YaCTO TIEPEXOIAT P BBHITOTHEHUN TPAKTUUIECKUX PACUETOB, C
HEHl CBA3aHHBIX: HAIIPUMEp, IPUMEHEHHE TaOIMIl KBaJpaTHBIX KOPHEH YA00HO MpHU NPOBEICHUN
pacyeToB, B KOTOPBIX y4acTBYIOT Takue KopHU. [losiBinenue coppemeHHbsix IBM ¢ ux
0e3rpaHUYHBIMHM BO3MOKHOCTSIMH XpaHEHHsI U TIepepaboTKu MH(POPMALIUK HEN3MEPUMO



pacIIMpUIIO MEPCIIEKTUBBI TAOIUYHBIX MPEICTaBICHUI 3aBUCUMOCTEH, IPUUEM COCTABIICHUE U
peoOpa3oBaHre MHOTOUMCIIEHHBIX Ta0JIUI YacTO 00pa3yeT MPOMEKYTOUHBIE ATAMbl CI0KHOTO
BBIUUCIICHHSL.

I'padrueckuii crmocod mpeacTaBIeHUs 3aBUCUMOCTEH TaKXKe SBIISIETCS OJTHUM M3 CPEIICTB HX
(buKcanMy npy U3y4eHUH peabHbIX SBICHUH. DTO MO3BOJISET JIeNIaTh pa3IMyHbIe
"camonumymue" mpudopsl, Takue, Kak cericMorpad, smekTpokapanorpad u ToMy mogao0Hoe,
n3o0paxkatomye HHPopMaLuo 00 U3MEHEHUH U3MepsIeMbIX BEIUYHH B Buje rpadukos. Ho ecnu
ecTb TpaduK, TO ONpeeTIeHa U COOTBETCTBYIOMIAs eMy (QyHKIHs. B Takux cirydasx rOBOpSAT O
rpaduuecKoM 3aJaHuU (PyHKIIHU.

rpadudecKoe mpeacTaBieHne GYHKIIMA 0U4eHb YIOOHO TSl HEOCPEICTBEHHOTO BOCTIPUSTHS €€
0c0OEHHOCTeH, XapakTepHbIX CBOMCTB. Takas BO3MOKHOCTh OCOOCHHO OaronpusTHa A
W3y4eHHsI MHOTHUX BOTIPOCOB, CBSI3aHHBIX C (pyHKIsiMHA. Kak TOBOpHUTCS, JIydIlie OWH pa3
YBHUJIETh, YEM CTO pa3 yciblmatek. [loaTomMy npu ucciaenoBaHuu (GyHKIMU BCETa XKelaTeIbHO
MIPEJICTaBUTh, XOTSI Obl OPUEHTUPOBOYHO, €€ rpaduK.

Amnanutnueckoe (popMyibHOE) 3aJaHue GYHKIIUN OTIIMYAETCs CBOEH KOMITAKTHOCTBIO, JIETKO
3alIOMHHAETCS M COJIEPIKHUT B ce0e MOTHYI0 HHPOPMAIIHIO O 3aBUCUMOCTH. DTOT CIIOCO0 y100eH
U1l IPOBEJICHHS TEOPETUYECKHUX BBIKIIAJI0K, IPUMEHEHUS KIIACCHUECKUX METO0B aHAIN3a
GyHKIUI 1 3alKMCH PE3yJIbTaTOB.

3.BU/IbI ®YHKIIHH

a) JIunelinas —y = KX +b

0) KBagpatnunas - y= ax*+ bx +c
B) CTeneHHbIC:

I)y=x"

2)y=x"

Jy=x*

I') [TokazarenpHas — y = a*

J1) Jlorapudmugeckas — y =log,x
E) Tpuronomerpudeckue:

1)y =sinx
2) y=cos X
Jy=tgx
4)y=ctgx

k) OOpaTHbIE TPUTOHOMETPUYECKHE:
1)y = arcsin x

2) y = arccos X

3) y =arctg x

4) y = arcctg x

3) KycouHo-nuHeliHbIe

W) Pa3pbiBHBIE

4. KAK OBPA3YIOTCA KJIACChI ® YHKIHH

Nwmes onpenenennsiii Habop 0azucHbix Gynkuui f1,12, ......fk u gomycTuMbIx oneparuit
F1,F2,.....Fs (ux pa3pemaercsi IpUMEHSTH JIFO00E YMCII0 pa3) HaJl HUMH, Mbl MOXKEM ITOJTy4aTh
apyrue GyHKIUH, T0J00HO TOMY, KaK U3 JeTaneid KOHCTPYKTOpa ¢ MOMOILBIO ONpeIeeHHbIX
MPaBUJI UX COCTMHEHUST MOYKHO TIOY4aTh pa3Hble Mojenn. Kiace BceX MOoTydaeMbIX TAKUM
oOpa3om pyHKIUN OyaemM 0003HaUaTh TaK:

<fl,f2,...,f; F1,F2,...,Fs > . B gacTHOCTH, €CITM IPUHATH 32 Oa3UCHBIC BCE OCHOBHBIC
3JIeMEHTapHble PYHKIUH U JOIMYCTHUTh JIMIIb apU(PMETHUECKHE ONIEPALlU U B3sITHE
CYNEPITO3UIINH, TO TIOIYYNM KJIacc 3JIEMEHTapHBIX GyHKIUH. bepsi B kauecTBe 0a3MCHBIX, YaCTh
OCHOBHBIX 3JIEMEHTAPHBIX ONEpaluil U JOIyCcKas, BO3MOXHO, JIUIIb YaCTh YKAa3aHHBIX
OTiepamuii, MoJy4YMM HEKOTOPBIE IOIKIACCH KJIacca 3JIeMEHTAPHBIX (PYHKINIA, HEKOTOPHIE
ceMelcTBa (PyHKIMI, OpOXKAaeMble JaHHBIM 0a3MCOM U JaHHBIMHU ollepauusiMu. BOoT HecKoJIbKo



MPUMEPOB TAKUX CEMENCTB (PYHKIIHA, T/ie Mo/ (a) MOHUMAETCS OTepaIisl YMHOKEHHUS Ha JTI0OYIO
KOHCTaHTY:
<X; (.)> -- ceMeNCTBO LENbIX MOJIOKHUTENIbHBIX CTENeHEeN y = X,

n OpUHAIEKUT N;

<x, 1; (a), (+) > --cemelcTBO TUHENHBIX PYHKIMH y= ax+b;

<x, 1; (a), (+), (.) > -- cemeilcTBO MHOTOUJIEHOB y= @ * X" +...+au.)™ X+ a”, rie n npuHaUIeKUT
N.

Ecnu B34Th B KauecTBe 0a3UCHBIX JIMIIb CTETICHHBIC ()YHKIIMU C PAIlHOHAIEHBIM TIOKA3aTEeISIMHY,
a JIONyCTUMBIMU CUUTATh BCE apU(PMETHUYECKHE ONEPALIUU U CYNIEPIO3UIUIO, TO MOJIy4aeM KJ1acc
TaK Ha3bIBAEMBIX SIBHBIX anreOpandecknx GyHKIUHA. DT0 (DYyHKIHH, TOIydaeMmble W3
TOKIECTBEHHOHN Y = X C IIOMOUIbIO aredpandeckux onepanuid, K KOTOpbIM, IOMUMO
apumeTnyecKkux JeHCTBUIN, OTHOCATCS BO3BEJICHUE B PAllMOHATIBHYIO CTEIb U U3BJICUECHUE
KOpHSL.

HesiBuble anreOpanveckue GyHKINU Y (X) ONPEACTISIOTCS YPAaBHEHUSIMUA BUA
ag(x)y " +ai(x)y .. Fa(x)y=b(x),
rae ay(X),...,as(X),b(X)-- MHOTOUYJIEHBI OTHOCUTENBHHO X, IPHUEM 2 (X) TOXIECTBEHHO HE paBHO ()

@OyHKIMY, HE SBISIOIIUECS aNTreOpandecKuMU, Ha3bIBAIOTCS TPAHCUCHICHTHBIMH. TaKOBHI,
Hanpumep, QyHKIuH y=2 *, y =log:X,
y=x?+2% y=x""TaK Jgajee.

5.0 IOCTPOEHUU I'PA®UKOB ®YHKIIUI U O TOM, UTO MOXXHO YBUJIETb,
a1 HA TPAOUK

I'nsans Ha rpaduK, HEMOCBSIIEHHBIN YBUAUT JIMIIb HEKOTOPYIO KPUBYIO, OoJiee CBEIYIINH
CBSDKET €€ ¢ ()yHKIMEH U ONUIIET HEKOTOPBIE XapaKTEPHBIE YEPTHI MOCTeIHEH (Hampumep,
BO3pacTaHMe WK yObIBaHUE) , HAKOHEII, UCKYIIIEHHbIM B MaTeMaTHKE 1acT, HACKOJIBKO 3TO
BO3MOYKHO, TIOJIHYIO XapaKTePUCTUKY (DYHKIMH 10 JAaHHOMY TpaduKy, IIEPEIUCIUT BCE €€
OCHOBHBIE OCOOEHHOCTH, a OBITh MOXKET, U YKaXKET POpMYITy, 3aJat0IyI0 (PYHKIUIO C TAKUM MU
CXOJIHBIM TI0 (hopMme rpaduxom.

Tak, Hanpumep, MaTeMaTHK, B3IJISIHYB Ha PUCYHOK (TpuitoskeHreNel) ckazas 6b1 mpUMeEpHO
cienyromee: " [lepen Hamu rpaduk HekoToport (yHkmu. OHa BCIOAY onpeaeiicHa ’
HenpepbIBHA. Beroy monoxurenbHa, HOCKOJIBKY IpadUK pacroyioskeH BbIlIe OCH abcLuce.
YerHas, Tak Kak rpa@uk CUMMETPUYEH OTHOCUTENIHO OCH opAuHAT. Bo3pacraer Ha
IIPOMEKYTKE OT MUHYC OECKOHEUHOCTH JI0 HYJISl M YOBIBA€T OT HYJS 10 IUTIOC OECKOHEUHOCTH.
Hmeet eAMHCTBEHHBIN SKCTpeMyM - MakcuMyM Mipu X=0. Ocb abciucce SBIseTcss aCHMITTOTOM,
MOCKOJIbKY Tpa(MK HEOTPAaHWYEHHO K Hel MPUOIIKASTCs, €ClIU X CTPEMHUTCS K TIJTIOC
0ECKOHEYHOCTH M €CITH X CTPEMHUTCSI K MUHYC O€CKOHEYHOCTH, 3HAYUT, (PYHKIHSI CTPEMHUTCS K
HYJIIO TIPU CTPEMJICHUH apryMEHTa K IUTI0C WIIM MUHYC OeckoHedHOCTH. [Ipumepom Takoii
(GYHKIUU MOXET CITy>KUTh QyHKIUs Buaa y=1/(1+x?)

YrtoObI MPaBUIILHO OTPaXKaTh Ha rpaduKe U CYUTHIBATH 110 HEMY XapaKTepHbIE CBOWCTBA,
0COOEHHOCTH (PYHKIIMH, CIIEAYET XOPOLIO IOHUMATh KaK CaMH 3TH CBOICTBA, TaK U CIOCOOBI UX
rpadudeckoro BeipaxeHus. [IpuBegeM KpaTkuii epedeHb TEPMUHOB U UX rpadudeckoe
TOJIKOBAHUE:



Henpepuvienocms - "criionIHOCTS", HEPA3PHIBHOCTh KPUBOH, H300pakaroleil rpaduk,
BO3MOKHOCTh €€ HauepTaHHs 0€3 OTphIBa KapaHjaaliia oT Oymaru.

I'naokocmup-- IIaBHOCTH KPUBOM; rpauk MOBOPAUMBAET MMOCTEIIEHHO, HE UMEET M3JIOMOB U
3a0CTPEHUN.

Bo3pacmanue-- norbeM TOYKH, TBUKYIIEHCS 110 TpaduKy clieBa HAIIpaBo.
Yowvieanue-- cnyck Touku, nBuxKyieics no rpaduky ciesa Harpaso.

Ilocmoancmeo ¢pynkyuu - napamienbHOCTh rpaduka ocu adbeuucc.
3nakonocmoancmeo ynKyuu - pactoyioxeHue rpaduka BoIlre (HUXKE) ocH a0CIuCC.

Buvinyknocms 66epx (6nus3) - mobdast nyra rpaduka JIeKHUT BbIIIe (HUKE) CTATHBAIOIIEH ee
XOP/Ibl; KacaTellbHas MIPH JBHKEHUH TOYKH KacaHusl 1o TpaduKy clieBa HAIIPaBO
MMOBOPAYMBAETCS TI0 YACOBOM CTpeske (TPOTUB HEE).

Yemnocmsy ghynKyuu - CAMMETPUIHOCTD TpadiiKa OTHOCUTEIHHO OCH OpIUHAT. (AHAITUTHICCKA
BBIpaXkaeTcs ToxaecTBoM f(x)= f(-x).)

Heuemnocmo pynkyuu - CAMMETPUYHOCTD Tparika OTHOCUTEIHHO Havajaa KOOPAUHAT.
(AnanuTHuecku BeIpaxkaercs ToxaecTBoM f(x)= -f (-x).)

Ilepuoouunocms gpynkyuu - rpadux MO>XKHO pa3OUTh HAa OJIMHAKOBBIE IO (DOPME YUACTKH,
MoJIy4aeMble OJIMH U3 JIPYTOro CIBUTOM BJI0JIb OcH a0ciuce. (AHAJIUTHYECKH BhIpaXKaeTcs
HanmuuueM Takoro yucna T >0, yro f (x+T)=f(x) = f(x-T) m1s Bcex X.)

Ozpanuuennocms ceepxy (cHu3y)-- pacnoyiokeHue rpaduka BCIOIy HUXKE (BBIIIE) HEKOTOPOI
MPsIMOM, TIapasieTbHON ocH adciuce. (AHAIMTUYECKH BBIpAXKAaeTCsl HAMYMEM TaKoro 4ucia M,
gro f (x) <M (f (x)>M) nns Bcex X.)

Acumnmoma-- ipsimMasi, K KOTOPO HEOTpaHUUYEHHO MPHUOIMKAETCA TOUKa, ABMKYIIASICS 110
rpaduKy, HEOrpaHMYEHHO YAAJSASACH OT Havyajia KOOp/MHAT.

Bepmukanvnaa acumnmoma-- npsiMasi X = ¢, TJie ¢ - Touka "O0eCKOHEYHOT0 pa3phiBa’ rpaduka,
IIPU CTPEMJIEHUH apryMeHTa K KOTOPOM cieBa WU CpaBa 3HaYeHUs (GYHKIIMH HEOTPAHUUYEHHO
BO3PACTAIOT 110 a0COIIOTHOM BenunHe (TpU 3TOM IpadUK YXOJUT HEOTPaHUUEHHO BBEPX MU
BHH3).

TI'opuszonmansnaa acumnmoma-- npsMasi y = a, K KOTOpOH HEOTPaHUYEHHO NMPHOIMKaeTCs
rpaduK npu X cTpeMsieMcs K TUII0C OECKOHEUHOCTH (IIpaBasi aCUMIITOTA) WIIM X CTPEMUTCS K
MUHYC O€CKOHEYHOCTH ( JIeBasi aCUMITOTA). 3allUCh X CTPEMHUTCS K ITIOC OECKOHEYHOCTH
BBIPAYKAeT MPOIIECC HEOTPAHUYEHHOTO YBEIMUEHUS X, O€3rpaHUYHOE YJaJIeHHEe TOYKU X BIPaBO
10 OcH abCIHUCC; 3aMUCh )K€ X CTPEMHUTCS K MUHYC OECKOHEYHOCTH 03HAYaeT HEOTPaHUUYEHHOE
yAaJICHHE TOYKHU X BJIEBO IO OCH abcimcce.

Haxknonnasa acumnmoma-- npsimast y = kx+b, k KoTopoit rpaduk HeorpaHUYEHHO
NpUOJIMKAETCS TP X CTPEMSIIEMCS K IUTIOC OECKOHEUHOCTH (TIpaBasi aCUMITOTA) WU TPH X
CTpeMsIeMcsl K MUHYC OECKOHEYHOCTH (JIeBast aCUMNTOTA). AHATUTHUECKU, HATTUYUE



acuMnToTel y = kx+b o0ycioBinBaercss BO3MOKHOCTBIO MTPEACTaBICHUS (QYHKIIMU B BUAC Yy =
kx+b+0(x), rae 0(x) cTpeMUTCS K HYJIIO IPU X CTPEMUTCS K IUTIOC OECKOHEYHOCTH MIIH X
CTPEMHTCS K MUHYC O€CKOHEYHOCTH.

XapakTepHble TOYKU TPaduKOB:
Hynu ( kopnu) QyHKIINHN --TOYKH, B KOTOPBIX rpaduk pocturaet ocu Ox. AHAIUTHIECKH--
pemenue ypaBHenus f(x)=0.

Touxa makcumyma - abcipicca "BepIInHbI Tpaduka'’, Touka, B KOTOpOil pyHKIMS onpeaeneHa u
B KOTOpPOM BO3pacTaHue (PyHKLIUU CMEHSETCs Ha ee yObIBaHHeE.

Touka munumyma - abcuycca "nHa BaguHbl" Ha rpaduke, ToUKa, B KOTOPOH QyHKINS
oIpejiesieHa U ee YObIBaHHE CMEHSETCSl Ha BO3pacTaHHe.

Touka skcmpemyma - TOUKa MAKCUMyMa WJIK MUHUMYyMa (DYHKIIHH.

Touxa nepecuba - Touka rpaduka, Ipu Iepexo/ie 4yepe3 KOTOPYI0 MEHSIETCs HalpaBJIeHUE ero
BBIITYKJIOCTH.

Touka uznoma - Touka rpaduka, B KOTOpOH pe3Ko, CKAYKOM MEHSIETCS] HalpaBJIeHUE TBHKCHUS
1o rpaduKy.

Touka pa3spwviea - TOuKa Ha OCH aOCLUCC, TPU MPOXOXKIACHUN HaJl WK TOJ KOTOPOH Tpaduk
TEPIUT Pa3pbiB U AJIs €ro MPOAOIKEHUsI HE00X0JUMO OTOpBaTh KapaHaam oT Oymaru. Kak
OBbLIO CKa3aHO paHee, Mbl K TOUKaM pa3pbiBa MPUYHUCIISEM TaK)Ke Te€ KOHIIbI 00JacTh
ornpenaeneHus: GyHKIMH, B KOTOPBIX OHA HE OIpe/iesieHa.

[Ipu nocTpoenuu rpaduka GyHKIUH CIEAYyeT MPOBOIUTH €€ aHaIN3, UCCIIeI0BaHuE,
HarpaBJIEHHOE Ha BBISBICHUE XapaKTEPHbIX 0COOEHHOCTEH (DYHKIMH, U OTHOBPEMEHHO
OTpa)kaTh CXEeMAaTUYECKU Ha PUCYHKE OOHapyKE€HHbIE 4yepThl ee noBeAeHus. [1o n3o0pa>keHHbIM
3JIEMEHTaM CTPOUTCS 3aTeM o0Iast KapTuHa -- rpaduk pyakuun. MccnenoBanue ¢pynkuun y =
(X) yA00HO BBITIOJIHATE O CIEAYIOIIEeH cxeme:

1. Haiitu o6nacts onpeaenenus ¢pynkuuu (cumponudecku D (f)).

2. Haiitu Hynu QyHKumu, TO ecTh peuierus ypasHenus f (x)=0.

3. Haiitu TOUKH pa3pbiBa, €CJIM OHU UMEIOTCS (4acTo 3TO 3HaUCHUE HYJIs 3HaMEHATeNs B
dhopmyre, 3anaromielt GyHKIHIO).

4. OnpenenuTs 3HaKU (YHKIMU Ha MIPOMEXYTKAX, Ha KOTOpbIe 00J1acTh ONpeaesIeH s
pa3z0uBaeTcs ee HyJsIMU U TOYKaMU pa3pbiBa. J{js 3TOro Hy»kKHO M300pa3uTh CUCTEMY KOOpPJIUHAT
MIOMETHUTD B HEH 3HaKM (QyHKIMH, CTaBs "+" Ha/l TEMHU MPOMEKYTKAaMH, TJe OHA MOJOXKUTEIbHA,
n "-" Mo TeMH MPOMEXKYTKAMH, TJI€ OHA OTPULATENIBHA. DTUM OIPEIEINUTCS TO, B KAKON
MOJIYTUIOCKOCTH, BEpXHEH WIIM HIKHEH, TOJDKEH pacroyiarathes rpaduk npu 3Ha4YeHUAX
apryMeHTa, IpUHaJIekKaIIUX JaHHOMY [TPOMEXYTKY.

3amedanue. [lyis onpenenenus 3HakoB (YHKIIMU Ha YKa3aHHBIX MPOMEXYTKaX JOCTATOYHO
BBISICHUTD €€ 3HaK B OJHOM( JTF000#) U3 TOYEK UCCIEAyeMOTro MPOMEKYTKa-- BO BCEX TOUKaX
3TOrO MIPOMEXKYTKA 3HAK TAKOU XKe.

5. BbIsICHUTD HalmuuKe BEPTUKAIBHBIX aCUMIITOT, TO €CTh 3HaueHUH X = X (0), npu npubInKeHnH
X K KOTOPBIM TpaMK yXOIUT HEOTPAHUYEHHO BBEpX WK BHU3. OOBIYHO TaKHe 3HAYCHUs
SIBJISIIOTCSL HYJISIMU 3HaMEHATeIIsl IPOOHOTO BEIpaKeHHs B hopmyrie. 3afaromiedt GyHKimio( Kak,
Hanpumep, x(0)= 0 y ¢pyHkuuun y =1/X), nim "rpaHu4HbIMHA" TOUKaMHU O0JIACTH ONpeAeTIeHHUs
(xak, HanpuMmep, x(0)=0 y pyukumn y =log,x). 1306pa3uth aCUMIITOTHI B CUCTEME KOOPAUHAT U
OTMETHUTh CXEMaTHUYECKH XapaKTep MpUOIMKEHUsI K HUM rpaduka clieBa U CIpaBa.



6.BpIsiIcCHUTB TOBeieHNE (QPYHKIIUH €CIH X CTPEMUTCS K IJTFOC OECKOHEYHOCTH U €CITH X
CTPEMUTCSI K MUHYC OECKOHEYHOCTHU, TO €CTh MPHU OOIBIINX 110 MOTYJIIO MOJIOKUTEIBHBIX U
OTPULATEIbHBIX 3HAUCHUSIX X. Y CTAHOBUTH HAJIMUME TOPU30HTATIBHBIX UM HAKIIOHHBIX
aCHUMITOT; €CIIU OHU €CTh, IPOBECTU UX B KOOPJIMHATHON IJIOCKOCTH U U300pa3UTh
CXEMAaTHYEeCKHU XapakTep MPUOIMKEeHNs K HUM Tpaduka QyHKIIHH.

7. BeisicauTb, OyeT v QyHKIHS 9Y€THON, HEYETHOU, IEPUOINYECKOM. (3aMeTHM, YTO 3TH
BOIIPOCHI MOJIE3HO BBISICHUTH B HAUaJle MCCJIEAOBAHMS, BCJIE 3a IyYHKTOM |, Tak Kak HaJIu4due
OJIHOTO M3 Ha3BaHHBIX CBOWCTB yNpOIIAET JajbHeilee uccienopanue. K coxanenuro,
OOJBIIMHCTBO (PYHKIIMIA TOJTOOHBIMU CBOMCTBAMHU HE 001 1AIO0T. )

8. YuuThIBasi NpOBEICHHBIN aHAIN3 U YK€ MOJTyYeHHbIE Ha PUCYHKE 3JIEMEHTHI rpaduka,
J07ieNIaTh YepHOBOM HaOPOCOK, 3CKH3 rpadrka. BIYHUCINTD HECKOIBKO KOHTPOJIBHBIX TOUEK
rpaduka, UCXos U3 3aJaHHON (OPMYIIbI, U YTOUHUTH U300paKeHHeE.

HeoOxonumocTts yuera o0nacTu onpezeseHus: U 3HaKOB (DYHKIIUU MOYKHO BBIPA3UTh
CIIEAYIOIIMMU NIEpBBIMHU "3aroBessMu" ToMy, KTo cTpouT rpaduk: "He nbiTaiics nzodpaxath
rpaduk Ha TeX MPOMEXYyTKaX, rae ero ObITh He MokeT" u " He ctpoii rpaduk B TOM
MOJIYTUIOCKOCTH, TJI€ €ro ObITh HE MOXKET".

6. IOCTPOEHUE I'PAOUKOB ®YHKIIUI.

[Ipexne Bcero, cieayeT OTMETUTb, YTO MO/ TOCTPOECHHEM Ipadrka PyHKINN B MaTEMaTHKE
MIOHUMAEeTCs OTHIOb HE TOYHOE MOCTpoeHue rpaduka (yHKIUN 10 TOKaM (Ha000pOT OT TaKOro
criocoba xoTtenock Obl IpeaocTepeys). BrionHe noctatouno n300pa3uTh 3CKU3 rpaduka
(GyHKIMHU, KOTOPBIN OBI MOJIHO U MPABMIIBHO OTPaXkajl BCe CBOMCTBA (DYHKIIMH, BBISIBICHHBIC B
pe3yibTaTe MPOBEIEHHOT0 CCIeI0BaHUsA. Y JOOHO CTPOUTH TpaduK MapauieabHO
UCCIIeIOBAaHMIO (PYHKIIMHM: 0OHApY>KEHHOE CBOMCTBO cpa3y oTMedaTh Ha rpaduke. Bo MHOrHX
Cllydasx IpU MOCTPOCHUHU I'paUKOB OKa3bIBAETCS BO3MOKHBIM YMEHBIIUTH YUCIIO ITYHKTOB
TUIaHa MCCIe0BaHus (DYHKIINHU, UM BOOOIIE OTKA3aThCs OT HETO, €CIM 3HaTh OCHOBHbBIE METO/IbI
MOCTPOEHHUS rpapuKoB PYHKINN U CBOMCTBA U IrpadKH 3JI€MEHTAPHBIX (PYHKIIUHA.

A) OCHOBHBIE METO/IbI HOCTPOEHUS TPA®UKOB ®YHKIIUM.

1. IToctpoenne rpaduka ¢pynkiun y=Af(ax+b)+B, npenmnonaraercs 3HaHNUE TOCTPOSHUS
rpaduka snemMenTapHoi pyHkuuu y=f(x).

2.noctpoenue rpaduxa pynkuuit y = {(IxI), y =1 f(x)I, Iyl = {(x), npennonaraercs 3uanue
MIOCTPOCHUS JIEMEHTApHON QyHKIUHN y=f(X).

3. rpaduyeckoe ciIoKeHHe, BHIYMTaHNEe, YMHOKEHUE, AefeHne QyHkuui y=f(x), y=g(x),
Npe/roiaraeTcsl 3HaHue MOCTPOSHU eMeHTapHoi GpyHkuuu y=f(x), y=g(x).

4. noctpoenue rpadukoB caoxkHbIX GyHKIMH y=f(g(x)), npeamnonaraercs 3HaHUE MOCTPOEHUS
anieMeHTapHoOl QyHKIuHN y=f(X), y=g(X).

5.moctpoeHue rpaduKoB 0OpaTHBIX PYHKIIHM.

I.HOCTPOEHUE I'PA®UKA ®YHKIINUU y=Af (ax+b)+B

Ne | dyskims IIpeobpazoBanne rpaduka GyHKINHA

1 | y=f(x)+B [MapannensHelii nepeHoc rpaduka Gpynknun y=f(x) Baons ocu Oy Ha B
eIHUI] BBEepX, ecii B>0, u Ha B enquHun BHU3, eciu B<0 (mpuinokenue
Ne 2, pucynok 1)

2 | y=(xtb)
[MapannensHelii nepeHoc rpaduka GyHkun y=f(x) Baoias ocu Ox Ha b
eIUHUI] BIEBO, eciii b>0, u Ha Ibl equnun Bpaso, ecim b<0
(npunoxenue Ne 2, puc. 2)

3 | y=Af(x), (A>0) | Pactspkenue rpaduka pynkimu f(x) Baoas ocu Oy B A pas, eciau A>0,




s pactshxenue B 1/A pas, ecnu 0<A<I (mpuinoxenue Ne 3, puc. 1)

4 | y=f(ax), (a>0) Cxarue rpaduka y=f(x) Bnois ocu Ox (otHOCuTENnpHO ocu Oy) B a pas,
ecnu a>0, pactsokenue B 1/a pas, ecnu 0<a<l (mpumnoxenue Ne 3. puc. 2)

5 | y=-1(x) CummeTpuuHoe oTpaxeHue rpaduka y=f(x) orHocuTenpHO ocu Ox
(mpunoxxenne Ne 3, puc. 3)

6 | y=f(-x) CummeTpuuHoe otpaxenue rpaduka y=f(x) orHocurensHo ocu Oy
(mpunoxxerne Ne 3, puc. 4)

7 | y=L{(x)] YacTts rpaduka y=f(x), pacnonoxxeHnHas Hiwke ocu OX CHMMETPUYHO
OTpa)kaeTcss OTHOCUTENHLHO 3TOH ocu. OcTanbHas 4acTh rpaduka
octaercs 6e3 u3MeHenni. (mpunoxxenue Ne 4, puc.1)

8 | y=1(IxI) YacTts rpaduka y=f(x), pacronoxxennas B oonacta x>0 u x=0 octaercs
0e3 U3MEHEHHs, a €ro YacTh It oomactu x<0 3ameHseTcs
CUMMETPHUYHBIM H300pakeHHUEM OTHOCUTEIbHO ocu Oy yacTu rpaduka
y=f(x) ms x>0, x=0 (ocTaBuielics 6e3 U3MEHEHUsI YacTu rpaduka)
(mpunoxxerne Ne 4, puc.2)

9 | Iyl =1(x) YacTts rpaduka y = f(x), pacnosoxxeHHas Bbiiie ocu Ox ocraercs 0e3
WU3MEHEHUs, a €ro HWKH:AA 9acTh (y<0) 3aMeHseTCs eMy CUMMETPUYHBIM
O0TOOpaXKEHHEM OTHOCUTENHHO ocu OX BepXHel yactu rpaduka y = f(x).
(ocTaBueiics 6e3 u3MeHeHus yacTu rpaduka). (mpuioxxenue Ne 4, puc.3)

0) [locTpoenue rpaguxoB pyukuuii Buga y = f(IxI).

Ha ocHoBanum omnpeneneHust MOIYJsl UMEEM:
y = f(Ix]) paz6uBaercst Ha 1BE PYHKIUU
Df(x), ecmu x >0 mam x=0
2) y = f(-x), ecm x <0
CrnenoBatenbHo, rpaduk Gyaknun y = f(X) cOCTOUT U3 IBYX TpadHKOB:
1) rpaduka y = f(X) B mpaBoiil MoIymnIoCKOCTH
2) rpaduka y = f(-X) B JICBOH MOIYIIJIOCKOCTH.
Hanpuwmep, myctb TpeOyeTcst mocTpouTh rpaduk GyHKIMmn
y = x? -3IxI+2.
Ha ocHoBanum onpeneneHus MOTyJIsl HMEEM:
1)y = x? -3x+2, ecimu X >0 wm x=0
2)y =x*+3x+2, ecin x<0
(rpaduk GpyHKIIMHA M300pakeH B TPHIOKEHUH Ne5)
Oynkius y = f(X) ueTHas, Ho3TOMY Ui TOCTPOEHUS ee rpaduKa J0CTaTOYHO OCTPOUTH
rpaduk GyHkmum y = x* -3x+2, s Bcex x>0 miaum X = 0 u3 0071acTH ee onpe/ieIeHUs] U OTPA3HTh
MOJIyYCHHYIO YacTh rpa)uka CAMMETPUYHO OCH OpJIMHAT.
B npunoxxennn Ne6 mpencrasieH rpaduk Gyakmun y = x? - IxI -2, B npunoxxenun Ne7 -
rpaduk pynkmuu y = x>+ IxI- 2.




IHocTpoenne rpapuxos ¢pynkuuii Buga 'y = I f(x)I.
Ha ocHoBanuu onpeneneHuss MOAyIsl UMEEM:
y =1 f(x)I

1) y = f(x), ecu {(x)>0 wnu f(x)=0

2) y = -f(x), ecm f(x)<0
Jlna noctpoenus rpaduka pyHkuuu y = f(X) J0cTaTOYHO MOCTPOUTH rpaduk pyHkuu y = f(x)
IS BCEX X U3 O0JIaCTH ee OIpeesieH s U Ty 4acTh rpaduka pynkuuu y = f(x), koropas
pacnojoXeHa HIKe ocH abcuuce, OTpa3uTh CUMMETPUYHO 3TOM ocu. Takum o6pas3oM, rpaduk
¢ynkuun y = f(X) pacnosoxeH B BEpXHEH MOTYMIOCKOCTH.

Tax, nns noctpoenus rpaduka pynkuuu y = [ x>-41 11 Bcex X U Ty 4acTb rpaduka, Kotopas
pacrioyio’keHa B HUKHEH MOIYIIOCKOCTH MPH -2<x<2, 0TOOpa3UTh CHMMETPHUYHO OCH abcIuce.
(mpunoxenue Ne 8)

IocTpoenne rpadguka y = - x*-4x-3

rpaduk GyHKIUHU y = - x>-4X-3 00pa3oBaH oT rpaduka y = x>.

1) Ctpoum rpadux pyHKkIMu y = X 2

2) MeHsieM HarpaBlieHHE BETBEH

3)CoBepiraeM napajuienabHbIi nepeHoc Boiabs ocu Oy Ha 1 equHMIly BBEpX, OJyyaeM rpaduk
HOBOM (yHKIMH y = - X *+1

4) CogepiraeM mapajuiebHBIN IEPEHOC BIOJIh OCH OX Ha 2 €MHUIIBI BIIEBO, TOJydaeM rpaduk
HOBOH (yHKIMM y = - (x+2)* +1, a 3TO ¥ ecTh QYHKIUSA Y = - X>-4X-3

(mpunoxenue Ne 9)

[Toctpoenue rpaduka pynkuuu y=1/2x 2

I'padpux pynkunm y = 1/2x% o6pa3oBaH oT rpaduka y = x>

1) Ctpoum rpaduk pyHKIHMH y = X>

2) YMHOXaeM ko3¢ duiuenT, a Ha 1/2 u noiaydyaeM QyHKuuo y=1/2x%, BeTBU
rpaduka 3Toit pyHKuMU nprkuMaroTes Kk ocu Ox (nmpunoxenue Nel0)

ITocTpoenne rpaguka pyHKuuu y=2x 2
I'padux GpyHkimu y = 2x* o6pa3zoBaH oT rpaduka y = x>

1) Crpoum rpaduk GpyHkuuu y= X 2

2)VmHOkaeM k03(duiment, a Ha 2 u nonydaeM (QyHKIHMIO y=2x?, BETBH Tpaduka 3Toi
¢byHkun nprxumarotes kK ocu Oy (mpusoxxkenue Ne 11)

I'PAOUYECKHUE UHTEPITPETALINU

Te wnu uHble rpaduyecKkue HHTEPIPETAUH, Ha HAII B3I, OAHO U3 CaMbIX dPPEKTHBIX U
3G GEKTUBHBIX CPEJCTB PEIICHHs pa3IMYHbIX 33/]au ¢ napaMerpaMmu. CTOUT BBIICIHUTD JIBE
Pa3sHOBUIHOCTH pacCMaTpUBAEMOro IpueMa:

1) n3o0paxkeHre Ha MIOCKOCTH (X; a), TI€ X - HEU3BECTHOE, a- IapameTp.

2)Ha nockocTH (X; y) paccMaTpUBaeTCs CEMENHCTBO KPUBBIX, 3aBUCSILUX OT MapaMeTpa a.

[TepBrlii cioco6 0OBIYHO TPUMEHSETCS B 33]1a4ax, B KOTOPBIX (PUTypUPYIOT JIMILb HEU3BECTHAS X
U TIapaMeTp a, WIN CBOAAIIUXCS K TaKUM.

Bropoii yacto oka3biBaeTcst y100€H B 3aJja4ax C IByMSI HEU3BECTHBIMU X U Y U OJHUM
[IapaMeTpoM a.

[Iepeiinem x mpumepy.

HaiiTi Bce 3HaueHus a, Npu Kax10M U3 KOTOPBIX CHCTEMA

{ 1— VIx— 11 = V7Iyl
49y* +x* +4a=2x—1



MMEET POBHO YETHIPE PA3IMUHBIX PELICHHUS.
P em e Hue. llepelinem k HOBBIM U3BECTHBIM U=X-1, v = 7y.
[Tonyuum cucremy
{w’rIuI +VIvI =1

u'+vi=—4a
[TonsTHO, UTO HOBasl CUCTEMA JIOJIKHA UMETh YEThIpe pelieHus. PaccMoTpuMm miaockocTs (Uu; v).
Bropomy ypaBHEHHIO COOTBETCTBYET HA 3TOM MIIOCKOCTH OKPY’KHOCTb C LIEHTPOM B Hauaje
KOOpAMHAT U panuycoM-4a. [leppoMy ypaBHEHHIO - HEKOTOpasi KpuBasi, CAMMETPUYHAs
OTHOCUTENIFHO OCel KOOpIMHAT (U ¥ V BXOJAT B BUJIE U U V) U OUCCEKTPUC MEXKIY OCIMHU
KoopAuHAT (U U vV BXOAAT cuMMeTpruyHo). (I'paduk 310oil pyHKIMM cXeMaTUYHO N300paxeH B
npuiiokeHuu Ne 12)
[TockonbKy OKpYKHOCTB U + vV =12 TaKK€ CHMMETPUYHA OTHOCUTEIBHO ATHX YETHIPEX MPSMBIX,
TO MOXHO CZEJIaTh BBIBOJ, UTO €CJIM JJaHHAsl CHCTEMA UMEET POBHO YETHIPE PELIEHUS, TO TOUKH,
COOTBETCTBYIOIIME ATUM PEIICHUSM, JOKHBI paclojiarathCs WM Ha OocsiX (110 ABE Ha KaXKI0M),
WK Ha OMCCeKTpHcax (BHOBB 110 JIBE Ha KaX10i). B MpOTHBHOM ciTydae eciii TOuKa,
COOTBETCTBYIOIIAsl PEIICHHUIO, PACIIOIOKEHA HHAYE, TO, OTPAXKasi €€ OTHOCUTENLHO BCEX YEThIPEX
ocell CHMMETpUi, MBI TIOTy4UM BOCEMb (BMECTE C IaHHOU TOUKOM) pemieHuid. Takum obpazom,
OKpPY>KHOCTb, COOTBETCTBYIOII[asi BTOPOMY YPaBHEHHIO, JOJKHA POXOAUTH WU YePe3 TOUKY
(1,0), mu uepes touky (1/4, 1/4), To ectb ee pammyc wiu 1, wmm \2/4, otkyna a = -1/4 umm a =
-1/32. JInst mOJIHOTHI perieHus He0OXOAMMO erie 000CHOBATH, YTO TP KaXJAOM U3 HAICHHBIX a,
UMEeTCsl, B CaMOM JIeJie, POBHO YEThIpe U3BECTHBIX HAM PELICHUS, YTOOBI CHATh OOBUHEHHS
(cripaBeIMBBIE) B TOM, YTO MBI alleJUIUPYEM K PUCYHKY, CChIJIa€MCsl Ha PUCYHOK C
n3o0pakeHreM rpapuka GyHKIUU (VIul + VIvI=1), 0 KOTOpPOM HUYETO HE 3HAEM (II0Ka), KpOMeE
HaJu4Msl y Hee 4eTblpex ocer cuMMmerpun. Camoe mpocToe, Nepeiist K NEpeMEHHbIM Z =\Iul,
t=1IvI, pELIUTh IBE CUCTEMBI:
{z +t=1

zt +t° = 18
u
{ z+t=1

7+t =1
OtBeT: a=-1/4, a=-1/32.
3ameuanue. CToUT oOpaTUTh BHUMaHUE Ha XapaKTEPHYIO CUTYAIUIO, YaCTO BOSHUKAIOIIYIO NPU
WCTIOJIb30BAaHUM T€X WIM UHBIX rpaduueckux uHTeprnperanuii. HecMoTps Ha To, 4TO OHU
TI0JIE3HBI BCET/Ia (BEPOSITHO, BIEPBbIE Mbl OTBRXKUBAEMCS Ha BCEOOITYI0 pEKOMEH/IALINIO), C UX
MIOMOIIBIO OTBET MOXKET OBITh MOJyYeH HATJISAHO U OBICTPO, HEPEAKH CIy4au, KOTJa OJHUX
rpadUyecKux pacCMOTPEHHM OKa3bIBA€TCSl HEJOCTATOYHO U JIJISl TIOJTHOTO 0OOCHOBAHMUS
TpeOyIoTCs ellle T WK UHbIE AaHATUTUYECKUE METO/IbI.
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ITpu HanMcanuu 3TON PabOTHI OBUIM MCIIOJIB30BAHBI CIIEAYIOIINE MAaTEPHAIIBL:
1) ®akynpTaTUBHBIN Kypc 1o matematuke 7-9 kiacc. CocraButens U. JI. Hukonbckas.
2)TpynHsle pa3zienbl IKOJIbHOW MaTeMaTHKH

Astopsl K. A Yepnsik u A. A. UepHsik.

3)DakynbTaTUBHBIN KypC 110 MaTEMaTHKe.

Pemenue 3agau.

Astopsl U. ®. Ilapsirus, B. U. Tomy6es.

4) Matematuka

Astop B. E. Cmbikanosa.

5) Meroaudeckoe mocooue mo MaTeMaTHKeE

Bceepoccuiickas mkosiaa MaTeMaTUKU ¥ pU3NKH «ABaHrap»









